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topics starting with B refer to lecture focusing on problem description and
applications

topics starting with A refer to advance lecture that contain mathematical details
of the optimization

the examples are presented according to application focus, not its mathematical
problem type
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B1: Fundamental of optimization
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What is optimization?

Introductory examples: LP/MILP/Model estimation
Problem setting

Optimality of unconstrained problems

Problem types

Numerical tools

Optimization workflow and modeling
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What is optimization?
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definition: choosing the best element from a set of available alternatives. It involves
finding the input values that result in the minimum or maximum value of a specific
objective function while satisfying a given set of constraints.

essential elements of an optimization:

objective: a quantitative measure of success (e.g., profit, energy efficiency, or
error rate).

variables: the ‘knobs’ you can turn or decisions/mechanism you can make

constraints: real-world limits—resources, physics, or legal requirements—that
define the "feasible region.”

problem parameters: parameters required to be set in the problem statement
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Example: Diet problem

description:
m given n meals; each has different
price and nutrient details

m design a diet plan to meet the
nutrient requirements with the
lowest cost

variables: the quantity of each meal to consume
objective: total cost of meals
constraints:

® quantities of meals must be non-negative
m consumed carb/protein/vitamin/fat must be within a recommended threhold

problem parameters: price and nutrients of each food, the required quantitiy of
each nutrient
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variables: x1,x2, x3 quantities of milk, beans, meat
problem parameters

food  cost protein calorie . .

($/unit)  (g/unit) (kcal/unit) requirements (constraints)
milk 2.0 3 120 protein at least 60g
beans 1.5 12 200 calories at least 1800 kcal
meat 5.0 25 250

diet optimization problem:

minimize 2x1 + 1.5x9 + bx3
subject to  x1,x9,x3 > 0,
8x1 + 12x9 + 2523 > 60,
120z1 4+ 200x2 + 2503 > 1800

the objective and contraint functions are linear; called a linear program (LP)
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each item can be decomposed to contain several entities (each food contain a set
of nutrients)

the role of cost and nutrient can be swapped

one can maxmize the total nutrient while the cost is within a limit

if we only care about cost, we eat 'cheap’ food; if we care about health, we each
'clean’ food
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description:

given a backpack that can only hold up to
15 kg

each item has a specific weight and a
specific importance value

decide which items to take to maximize
total value without breaking the bag

variables: binary decision of each item (1 if taken, 0 if not taken); you cannot
take 'half’ of the camera

objective: maximize sum of total value of items you pack
constraints: the sum of the weights of selected items must be < 15 kg

problem parameters: backpack weight limit, value of each item
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zero-one knapsack problem

T

maximize ¢’z subject to w'z < K, z; € {0,1}, j=1,2,...,n

setting:
given n items; each has weight w; and value c¢;

given a bound K on the total weight that can be carried in a knapsack

goal: decide to select items to maximize the total value

Jitkomut Songsiri 12 /277



Introductory examples: LP/MILP/Model estimation
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description:

given power plants (solar, wind, natural
gas, coal); each has different cost and COq
emission value

decide how much power to draw from each

plant to meet the city's electricity demand
with minimum operating cost

variables: generation’s power outputs

objective: minimize the total cost
constraints:

total power must meet the demand
power from a plant has its physical limit
CO2 emission must be below a limit

Saturday, January 31, 2026 at 1:35:57 PM 107

problem parameters: &
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MINERAL ORE BLENDING OPTIMIZATION - -
Minimize Cost, Meet Chemical Grade Targets d escCri pt ion.:

given multiple stockpiles of ore; each has different
concentrations of minerals (iron, silica, alumina)

final blending must meet the strict chemical grade
requirement

‘U/‘f"‘P D decide how to mix these stockpiles to minimize the
i cost of extraction and transport

variables: the quantity taken from each ore stockpile
objective: minimize the production cost

constraints:

total iron must be > 62%; total silica must be < 4% and alumina < 2%
sum of quantities must equal total shipment size
we cannot take more ore from a stockpile than is physical limit

problem parameters: &
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NASA Example: bring equipments to a satellite

SATELLITE PAYOAD OPTIMIZATION: dESCI’IptIOI'I:
MAXIMIZE VALUE, MINIMIZE WEIGHT

m given a backpack having a limit of 50 kg

m each item has a specific weight and a
specific importance value

m decide which items to take to maximize
total value within the weight limit

variables: &

N =

objective: &

constraints: &

]

problem parameters: &
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Project management: select softwares

PROJECT MANAGER APPLICATION OPTIMIZATION: .-
MAXIMIZE IMPORTANGE, MINIMIZE COST descri pt ion:

= given a total monthly budget of 100 USD

m each software has a value and running cost

m decide which softwares to launch that
maximize its importance within the budget

variables: &
objective: &
.‘ H . %
J. 3 constraints:

A problem parameters: &
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description:

given N data points {(#;, )}, and a function
description to fit (here, sigmoid function)

find the best function parameters that minimize

the error

variables: function parameter 6:
f(z5a,b,¢) = a/(1 4 e @0

objective: minimize the sum of squared errors

constraints: -

Independent Variable (X)

Saturday, January 31,2026

problem parameters: data points {(t;, z;)}Y,
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description:

RESERVOIR HISTORY MATCHING a reservoir simulation model has thousands of
uncertain parameters, such as local permeability
and porosity
adjust these parameters until the model's
predicted oil, water, and gas production rates
match the actual historical data from the wells

THE REALITY: Matching the MEASURED

OPTIMZATION ALGORTHM

o’

variables: model parameters

objective: minimize the sum of squared errors

constraints: depends on the model

Saturcay,January 31,2026 3t 22712 PM EM

problem parameters: data points
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let g(t, ) be the reservior simulator at time ¢ for a given parameter
x contains permeability and porosity
g usually is complex PDEs (Darcy's law and mass balance)

variable: model parameter x

problem: minimize error between the model prediction and observed data, while
regularizing the estimated parameter

m|n|m|zef Z llg(ti, x) — y(®)||* + ||z — Tprior||3 Subject to Tmin < T < Tmax

proxy model: a radial flow model based on pressure data

150(1
g(t,z) = W, s = skin factor, k = permeability
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a reservior field with N; injectors (wells where we pump water in to maintain pressure)
and N, producers (wells where we extract oil /water)

o Dl ;i > 0 is a flow from injector ¢ to
Water Injection well (rtmn) 1)
I reach producer j (connectivity)
Connectivit (fij) N .
— 221 fij <1 (sum of all gains from
. .
a St oure e | an injector i must be less than 1)
o ety Mt q; is total fluid production rate
- o e . .
Hain Cqualion e R L) 5 (oil4+-water) from producer j
Profit Optimization Objective: min j(m) = 3]lg(m) — donslIZ +%|Im — Myriorllz
Subject to comstraints: ¥ fij <1, f;; 20, 7, >0 . H H H
Parameters to Estimate: ;‘U](Cmth), :'j (Time]Cohstavxt) IJ as the |nJeCt|On rate (InPUt)
dg; (t) ZNi ,
CRM model: TjT +Qj(t) = fijfi(t), ] = 1,2,...,Np
i=1

7; is time constant, g; is a response of first-order differential equation to injectors
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CRM model estimation
given observed production rate g,

estimate time constant 7 and flow matrix ' = [f;;] in CRM model to match ¢

1 2 Num_producers
Time constant

Num_producers

1m > sumless than 1

Num_injectors .......... -->sum less than 1

m both 7 and F' are non-negative
m each row of F' sums up to one
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given signals q°bs for j € [Np] and I, for ¢ € [N;] we aim to estimate 7; and
fij forall i,

variables: x = (7, f;;) for j € [N,] and i € [V;]

optimization: minimize error between observed value and CRM model output

Np T NP
2
minimize E E (q;bs(t) — q]'(t,fij,Tj)) subject to f;; > 0, E fiy <1,7,>0
7> Jij - -
]:1 t=1 ]:1

CRM model can be discretized using Euler method to simulate g;

7 (4;1f] = qj Z FiLil) — qit — 1)
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observations on the optimization

with the constraint Zj fij <1, we optimize f;; for all 4,5 (without it, the
optimization is separable in j) — so f is a matrix variable, and 7 is a vector

treating CRM model output as nonlinear function of 7;, f;;, the optimization
problem is nonlinear least-squares

using modeling techniques can cast the discretized model as an autoregressive
with exogenous input (ARX) and the linear least-squaure technique can be applied
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Structure of model estimation problem
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objective: the concept of loss function; depend of model architecture/statistical
assumption of estimation problem

constraints: depend on model assumptions

problem parameters: data points (z,y)
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Problem setting
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(mathematical) optimization problem

minimize  fo(x)

subject to  fi(z) <0, i=1,...,m
hi(x) =0, i=1,...,p
x = (x1,...,x,): optimization variable
fo : R — R: objective function
fi :R" = R,i=1,...,m: inequality constraint functions
h; : R" - R,i=1,...,p: equality constraint functions

constraint set: C = {z € R" | fi(z) <0,i=1,...,m, hi(x) =

domain of the problem: D =" dom f; N(};_; domh;

Jitkomut Songsiri
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p*:lnf{f0($)|fl($)§0, i=1,....m, hi(z)=0, ,i=1,....p}

we say z is feasible if x € dom fy(x) and z € C

p* = oo if the problem is infeasible

p* = —oo if the problem is unbounded below

a feasible x is called optimal if fy(x) = p*; there can be many

x is locally optimal if de > 0 such that x is optimal for

minimize  fo(2)
subjectto z€C, |z—z|2<¢

in other words, a locally optimal point is the best solution in a neighborhood
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Example

fo(z) minimize fo(z) subjectto z €C

Y
/ 2 3 5 6 9 98 11 13 14 15
e i—— —
c=10,2] C = [13,15]

C=1[3,6] C=I[3,9] C = [3,11]

find achievable objective values, p* and z* for each C
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assumption: f is twice continuously differentiable (smooth objective)

1st-order necessary condition:
if 2* is a local minimizer of f then Vf(z*) =0

2nd-order necessary condition: if 2* is a local minimizer of f then Vf(x*) =0
and V2f(z*) = 0 (positive semidefinite)
2nd-order sufficient condition: if Vf(x*) =0 and V2f(z*) = 0 (pdf)

then z* is a strict local minimizer of f

local minimizers can be distinguished from other stationary points by examining
positive definiteness of V2 f

example: f(z) = x* has * = 0 as a local minimizer; V2f(2*) = 0 (hence, 2nd-order
sufficient condition fails)
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Problem types
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we can categorize optimization problems by

constraints convexity of objective and
unconstrained problem constraint set
constrained problems convex problem

variable types non-convex problem
continuous optimization smoothness of the objective
discrete optimization smooth problem

linearity of objective and non-smooth problem

constraints parameter randomness
linear program stochastic optimization
nonlinear program deterministic optimization

a numerical method generally is tailored to a specific problem type
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Unconstrained Constrained
Problems Problems

Linear Program

Quadratic
Stochastic Convex Problems Program
Optimization
Second-order
T Cone Program
Deterministic Parameter Optimization & 7
Optimization | Randomness N Problems > R Geometric
Program
l Semidefinite

- Non-convex FEge
Linearity problems
- 4
Variables Ceillineus
Smoothness of Optimization
-~ theobjective
\\
Discrete
Optimization

,
Smooth Problem Bonsmooty
Problem

co

mILP

constrained

other specific problem types are integer programming, vector optimization
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Numerical tools
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Numerical tools

OPTIMIZATION

m software tiers:

= modeling languages/wrapper (describe the problem and connect with solvers):
AMPL, cvxpy, Google OR-tools

= solvers (computational engine): Gurobi, CPLEX

m library/toolbox (bundle both modeling and solvers): MATLAB, Scipy

= commercial vs open source

» domain specificity: e.g. cvxpy is for convex problems
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these tools allow us to describe what the problem is (objective and constraint)
without worrying about how the computer solves it

declarative modeling: AMPL and CVXPY: we can write Ax < b and the softwares
builds the mathematical tree
procedural modeling: Google OR tools: it builds the model row-by-row (one
constraint at a time); it is more of an API than a language
acts as a middle man to translate our Python/math code to a format the
computational engine can read
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this is the computational engine that runs the actual algorithms (simplex, interior
point, branch and bound, etc.)

commerial (high performance): Gurobi, CPLEX, and MOSEK; generally the
fastest but require licenses

open source:
GLOP/PDLP/CP-SAT: inside OR-tools
HiGHS: high-performance softwares to solve large-scale LP, MIP and QP
OSQP: solve QP problem using splitting method
SCS: solve large-scale convex cone problems
ECOS: solve second-order cone programming
SCIP: constraint integer programs (MIP and MINLP)

and more
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provide a complete environment that includes both a way to model problems and

built-in solvers
MATLAB: uses optimization toolbox (linprog, quadprog) and provides a

self-contained ecosystem
SciPy: the scipy.optimize module includes basic solvers (like HiGHS for LP)

and a functional interface
while primarily for Al, they are essentially optimization

libraries for unconstrained problems using stochastic gradient descent.
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cvxpy is a modeling language that follows the rules of Disciplined Convex
Programming (DCP)

declarative modeling: we describe what the problem is using standard matrix
algebra

problem transformation: transform high-level math into a standard form that
specialized solvers can understand

solver independence: we can swap between different solver backends
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solver interface (API): provides a bridge between high-level languages (Python,
Java, C#) and low-level, high-performance C++ solvers like GLOP or CP-SAT

multi-solver framework: a wrapper that can talk to many different types of

engines. It has its own internal solvers but can also plug in to commercial ones
like Gurobi or CPLEX

procedural model building: unlike declarative modeling (where you describe what
the math looks like), OR-Tools uses procedural building, where you tell the
computer how to add each variable and constraint to the memory

highly specialized for combinatorial and discrete optimization
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specialized for combinatorial and discrete optimization

constraint programming (CP): handled by CP-SAT solver; problems with discrete
variables and constraints can be non-linear or logical

linear programming (LP): solve by its internal GLOP engine or can interface with
commerial solvers like Gurobi or CPLEX

mixed-integer programming (MIP)

bin packing and knapsack problems: packing items into containers with fixed
capacities

vehicle routing (VRP): finding optimal routes for vehicles delivering to specified
locations
graph and network flow: movement through a network
what is outside the scope of OR tools
geneneral nonlinear programming
general convex programming

Jitkomut Songsiri 41/ 277



Optimization workflow and modeling
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get problem statement from an application of interest

explore all elements: variables, constraint, objective

acquire all problem parameters

formulate the problem (require prior knowledge about the application)

use modeling language to solve the problem with example of problem data
interpret the solution; if not reasonable, check the root causes:

formulation structure
problem parameter values

reformulate the problem if needed

implement to solve the optimization ; select appropriate solver or softwares

Jitkomut Songsiri 43 /277



the main reason why we need optimization techniques because

the objective and constraints give non-trivial info to find optimal solutions
P1l: min 221 +3z2s.t. £ =0 P2: min2x1 +3z9st. =5 <z1+x9<5
the objective has coupled terms in x
min (z1 — 1)® + (29 — 3)® versus min 423 — 2x119 + 623
the constraints have coupled terms in x
min (z1 — 1)% + (22 — 3)? sit. |21 + 22| <3

(versus constraint: 0 < x; <2 and 0 < z5 < 2)

conclusion: the resulting formulation should be non-trival (avoid unbounded problem)
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when deriving constraints to be included in the problem, ensure that

the feasible set is not empty (no point of optimizing in the first place)

avoid redundant constraint functions
Cl: |z| <5 C2 22 <28
equivalent constraint function is used when re-formulating
23 4 23 < 3 is not equivalent to |z1],|z2| < V3

if we have an equivalent feasible set from different constraint functions, choose a
representation that is simple or suitable for the target problem type:

Cl: |z| < 5 is equivalent to C2: 22 < 25

C1 can be framed as linear constraint (simpler), while C2 is quadratic
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B2: Introductory examples in logistics optimization
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Introduction to logistics optimization
Traveling saleman problem (TSP)
Facility location problem

Inventory optimization

Jitkomut Songsiri 47 /) 277



Introduction to logistics optimization
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focus on the efficient movement of goods, the strategic placement of assets, and the
minimization of operational costs

characteristics of problems:

combinatorial optimization: finding the best possible solution from a finite, but
often overwhelming, set of options; in logistics, this usually means determining the
best ordering or sequencing of stops to minimize distance or time

strategic or tactical planning: this group covers different layers of business
decision-making
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Traveling saleman problem (TSP)
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description:
given n cities and the cost of every possible path from city
jtoi,i=1,2,....n
visit n cities exactly once and return to the starting city
pick the shortest/cheapest possible route

variables: z;; € {0,1} the status of path from city j to ¢

objective: minimize the total distance or cost associated
with the path

constraints: each city has one coming edge and outgoing
edge

problem parameters: cost of all connections

challenge: exact algorithm requires all possible combinations (n!); impractical for
n > 20
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description:

robotic drill must create hundreds of tiny holes on a circuit
board at specific coordinates

minimize the total distance the drill head travels to reduce
manufacturing time and mechanical wear

variables: x;; € {0,1} the status of path from hole j to ¢
objective: minimize the total distance
constraints: each hole is drilled once; the drill starts and ends at home coordinate

problem parameters: coordinates of locations; distance of each pair of holes
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TSP

replica: Robotic warehouse picking

ROBOTIC WAREHOUSE PICKING OPTIMIZATION | THE CHALLENGE:
e i

description:

= autonomous mobile robot (AMR) needs to
collect items from n shelves to fulfill an order

» find the shortest loop (minimize time) to visit all
shelves and return to the packing station

= unlike TSP, we can have many robots at the

same time

variables: x;; € {0,1} the status of path from shelf j to 4
objective: minimize the travel distance

constraints: for any location, only one robot can pick up and avoid collision;
one-way aisle (robot only go forward) and many more constraints in real system

problem parameters: graph structure of shelves and distance
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;2 \ problem parameters:

q/ 3 a graph of n nodes
4 / a path from node j to i has a cost of ¢;; (given
as an adjacency matrix)
5 graph can be directed (cost ¢;; # c¢j;) or
¢ij the cost from node j to 4 undirected (symmetric)

optimization solution is to determine x;; € {0,1} for all 1 < i <mn, where 1 if
there is a path from j to ¢

the cost ¢;; is not limited to distance; can reflect the fuel, terrain nature, or the
difficulty of that path
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power grid restoration: a repair crew has 10 damaged substations or
transformers that need to be inspected and fixed; minimize the total time the
crew is on the road to restore powe
seismic surveying: companies need to collect data from thousands of geographic
points (nodes) across difficult terrain; to predetermine shot-points where they
either set off a small underground charge or use a vibroseis truck to send sound
waves into the earth

the cost is a combination of fuel, time, terrain difficulty (steep hill and downhill have

different cost)

find the shortest and most fuel-efficient sequence to visit all shot-point
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mineral exploration: in remote areas (like the Australian Outback or the
Canadian Shield), helicopters or off-road vehicles are used to move between sites;
optimizing the flight path to drop off and pick up sampling teams at various
outcrops to ensure maximum coverage before the sun sets or fuel runs out

drone survey: drones have limited battery life; cannot simply fly a standard
lawnmower pattern; TSP: calculating a path that visits all high-priority survey
points in a single battery charge
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Miller-Tucker-Zemlin (MTZ) formulation
variable: z;; binary status of a path from node j to ¢
objective function:
n n
fla)=Y_ > ey
i=1 j=1,j#i
constraints:
each city must be left and entered exactly once:

Z Tij = 1, 1€ [n]
=15
each city must be entered exactly once:
n
Z Tij = 1, je [n]
i=1,i#j

Jitkomut Songsiri
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the above two constraints are not enough as it could allow subtours like
1—2—1and 3 — 4 — 3 separately

subtour elimination constraint: create a time-stamp at each node
w—uj+nry; <n—1, 2<i,j<n,i#j

(if z;; = 1 the constraint is u; > w; + 1; this forces the sequence to be strictly
increasing; impossible in a closed loop)
variable domain: u; > 0fori=2,...,n

the problem can be hard to solve when n is large
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Facility location problem
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Maximum Operating

Capacity Unmet Demand

$10/ton

i
400 tons/da 300 tons/day
$5hon

Denver

~
700 tons/day

Los Angeles

ﬂ 100 tons/day

Topeka

nj] 500 tons/day

New York City

600 tons/day

St. Louis

credit: https://optimization.cbe.cornell.edu/

given a set of potential facility locations and a set of demand points
which facilities to open (incorporating a fixed opening cost)

which demand points to assign to each open facility to minimize the
transportation cost
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Petroleum engineering: Manifold Placement

m in subsea oil field development, multiple wells are connected to a single manifold
or gathering center

m find the geographic coordinates of the manifold that minimize the weighted sum
of distances to all connected wellheads
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in a large-scale solar or wind farm, power from individual turbines/panels must be
collected at a substation before being sent to the main grid

placing the substation at the geometric center of the turbines to minimize
electrical transmission losses (I2R losses)
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placing emergency supply depots (food, water, medicine) in a region prone to
natural disasters

pick the locations that minimize the maximum distance any citizen has to travel
to reach the depot after an event
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given n facility locations indexed by ¢ and m clients to be serviced indexed by j

Capacity of facitlity

st each client j has a demand d; to be filled by

400 tons/day 1 pes .
: -WEQ selected facilities

s i \\\Ea 2 u; is the capacity of facility ¢
2 N\
200 toneiday X fi is a fixed cost of opening facility i, while
. \ s there is a cost ¢;; of serving client j from
sotensicey |- g Ea facility ¢ ($/demand unit)
g

goal: select a set of facility locations and assign each client to facilities that
minimizes the total cost while meeting the targeted demand

variables: x; € {0,1} for i =1,2,...,m where x; = 1 if facility 7 is open ;
yij € R represents the fraction of the demand d; filled by facility ¢
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minimize 33y fimi 4 sy 250 Ciidivii

subject to y;; >0, i=1,...,n,7=1,...,m fractions are non-negative
x; € {0,1}, i=1,2,...,n facility 7 is either open or closed
Siavii=1, j=1,2,...,m fractions of facilities to serve j sum to 1
Z;"Zl Vi < wixg, ©=1,2,...,n max capacity of facility i

force y;; to be positive when z; =1

in matrix form: C,Y € R™"™ and z,d,u € R"
cost: flx+1T(CoY)d

constraints:

Y >0, ze{0,1}*, 1y =1, Yd<uoz
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when all facilities has co capacity,
capacitated: optimization solely selects the facility with the lowest cost
change: modify y;; € {0,1} where y;; = 1 if customer j is served by facility i
minimize 370 fimi+ D00 D00 cijdiyi
subject to y;; € {0,1}, i=1,...,n,j=1,...,m  binary value

x; €{0,1}, i1=1,2,...,n facility ¢ is either open or closed
Yoy =1, j=12,...,m to serve j only pick one facility i
Yij <, t=1,2,...,n, j=1,2,...,m use facility 7 only if it's open

force y;; to be positive when z; = 1

in matrix form: C,Y € R"™™ and z,d € R"
cost: flz+1T(CoY)d

constraints:
Y €{0,1}™™, ze{0,1}", 1y =1,, Y<[zz - 1]
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a mixed integer linear programming (MILP)
no of binary variable grows with number of clients

fraction of demand filled by each facility grows with number of clients multiplied
with number of locations

can be solved by cvxpy or OR tools
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an oil company identifies n sites for Gathering Centers (GC) and has m active oil fields

#
#
£

H#

**

Q

1. PROBLEM DATA
Fixed costs for building 4 potential sites (Millions of USD)
= np.array([20.0, 25.0, 18.0, 30.0])

Capacities of the 4 sites (kbpd) kilo barrel per day
= np.array([60.0, 60.0, 45.0, 80.0])

Production Demands of 6 0il Fields (kbpd)
= np.array([15.0, 22.0, 18.0, 12.0, 25.0, 10.0])

Transport Costs ($/bbl) from 4 Sites to 6 Fields
= np.array([

[1.20, 2.50, 3.10, 4.00, 5.20, 6.00],
[3.50, 1.10, 2.00, 3.20, 4.10, 5.00],
[5.00, 4.20, 1.50, 1.00, 2.80, 3.50],
[6.50, 5.50, 4.00, 2.10, 1.20, 0.9011)

minimize the total cost (fixed setup + transport costs) while serving the
production demand
find which site to be open and fraction allocation from each site to each oil field
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Inventory optimization
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THE INVENTORY OPTIMIZATION TRADE-OFF

\ B
HOLDING T00 MUCH STOCK HOLDING T0O LITLE STOCK

TedlpCaprat PR——
s 810000

the process of determining the right amount of stock to hold to meet demand
while minimizing the total costs associated with ordering, holding, and shortages

it depends on accurate demand forecasting, or predicting the quantity of goods
that customers will purchase in the future
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Tied-Up Capital:+520M

Storage Costs
41,0 Year

a drilling rig in a remote location (offshore or desert) requires a constant supply of
drill bits and casing pipes

balancing the high cost of shipping equipment to a remote site (ordering cost)
against the cost of storing bulky steel pipes on a space-constrained offshore
platform (holding cost)
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Solar-Plus-Storage
Arbitrage

SOLAR ENERGY B s
0 5 o7 CIARGE )

— e

DALY OPERATIONAL EYCLE gl

SOLAR FAGM

eneRg CaaciT:

rounD e y
BATTERY ENERGY  EFFCIENCY 1) Flow s
) STORAGESYSTEM (BESS) 5% 1LOADING BOCK CABACTY)

in a wind or solar farm, energy (MWh) is an intangible inventory

optimize the state of charge to ensure they have enough stock power to meet
demand when the sun goes down, without building an unnecessarily large and
expensive battery array

MWh in battery are products on the shelf
renewable generation is the supplier while grid/load is the customer
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ordering and setup cost: paperwork, billing, setting up/shutting down a machine
unit purchasing cost: variable cost associated with purchasing a single unit

holding cost: cost of carrying one unit of inventory for a time period
($/unit/year)

stockout or shortage cost: demands can by back-ordered (customer accept
delay delivery) or lost sales; both cases incur a cost

assumptions on the classsic Economic Order Quantity (EOQ) model
repetitive ordering: ordering decision is repeated regularly
constant demand: demand occurs at a known, constant rate
constant lead time L: when an order is placed to the order arrives

continuous ordering: an order may be placed at any given time
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assumptions:
D: annual demand (units/year) occurs at a constant rate
K setup cost ($/order)
h: holding cost per unit per year ($/unit/year)
q: order quantity (the decision variable)
p: per-unit purchasing cost ($/unit)
I: inventory level (no. of units)
the lead time for each order is zero
no shortages are allowed
observations:
we should never place an order when I > 0 (as it incurs a holding cost)
we must place an order when I = 0 (to prevent a shortage from occuring)
determine ¢ units are ordered each time that I = 0 that minimizes the annual cost
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total annual cost: sum of ordering cost, purchasing cost and holding cost
D
TC(q) = ;K +pD + gh

(I drops linearly from ¢ to 0, the average inventory is q/2)

EOQ Model: Cost Trade-offs

00 S E———
— Cost(DI0-K) Inventory Level Over Time (Idealized Sawtooth Diagram)
00 o
800
g g
S o
2
& o
g
400 H
x0
.
IR R w & e ®
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Order Quantity () Time ()

Jitkomut Songsiri 75 / 277



TC is convex so the stationary point minimizes TC

dTC DK _h

g g 270

solving ¢ gives the EOQ formula:

2DK D
q = ”T (units), total of — orders must be placed each year
q

observe effects of K and h on ¢*

setup cost K increases then ¢* increases
holding cost & increases then ¢* reduces
if both K and h are doubled, ¢* remains unchanged

can be shown that if EOQ is ordered then holding cost = ordering cost (per year)
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setting:
decide the quantities of drill bits (¢1) and casing pipes (g2) to order
in offshore drilling, we have the physical deck space: total area of A = 5,000 sq.ft

parameter symbol drill bits casing pipes
annual demand D; 120 units 2,400 joints
ordering cost (per shipment) K; $5,000 $15,000
holding cost (per unit/year) hi $300 $1,200
storage area a; 2 sq.ft 40 sq. ft

optimization problem:

minimize  TC(q) = 3.2, (%Ki + %h,)
subject to a1q1 +asqe < A

try EOQ solution ¢; = 2Dh?Ki and find that it is infeasible; let’s solve numerically
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the problem is nonlinear programming (NLP) with two variables
the problem is convex (1/q is convex when ¢ > 0)

a constrained problem; define Lagrangian and multiplier

2 2
D; i
L(q1,42, ) = Y < . Ki+ q2hz) + A (Zai(h - A)
i=1

i—1 N1

optimality conditions: zero gradient of L and complementary slackness

2
2D;K;
i(A) =\ A A= i | =
N =\ o ( ;aq) 0

solved by scipy.optimize or cvxpy
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maximize revenue by storing energy during the day (low price/high supply) and selling
it during the evening peak (high price/low supply), while managing the holding cost
(battery degradation)

inventory BESS equivalent parameter

warehouse capacity energy capacity Enax (MWh)

stock level state of charge (SoC)  S; (MWh or %)
restock rate charging power Pehgr (MW)

sale rate discharging power Pichg,t (MW)
perishability self-discharge/loss Nehg» Ndchg (efficienty)
holding cost degradation cost Cdeg ($/MWh cycled)
external driver electricity market price  Price; ($/MWh)

price is the signal that dictates the flow of the inventory

the battery is the warehouse and the energy is the stock

the price acts as the external driver that determines when the warehouse should
open its doors to restock (charge) or sell (discharge)
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variables: Ping i, Pachg,t, St

objective function: maximize profit over a 24-hour horizon (T' = 24)

T
maximize At Z Price;(Pachg,t — Pehg,t) — Cdeg(Pehg,t + Pachg,t)
t=1
constraints:
inventory balance: SoC dynamic

Pycn
Sty1 =5t + (Uchgpchg,t - = g't) At
Tldchg

storage limit (physical warehouse): battery has operating range
Smin < St < Smax
flow limit (loading dock capacity): inverters limit how fast we can move

0 S Pchg,t S PHI&X7 0 S Pdchg,t S Pmax
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Linear programming
Quadratic Programming
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Linear programming
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math standard setting
feasibility, optimality

common formulation techniques
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a general linear program (LP) has the form

minimize Lz
subject to Gx X h

Ax =10
where G € R™*" and A € RP*"

n optimization variables: = = (x1,...,2,) € R”

the objective function: ¢’z = Y1 | ¢z

the inequality constraint: Z;L:lgij‘rj <h;jfori=1,2,....m
the equality constraint: » ", a;joz; = b; for i =1,2,...,p
the objective function and constraint functions are linear in x

called linear program (LP) or linear optimization problem
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LP can also be represented in another form
minimize c¢lz
subject to Ax =b
x>0

using the facts that
any x € R can be written x = 2+ — 2~
aTx§b<:>aTa:+s:b, s=0

note: we assume A is fat and has full row rank

exercise: transform into the two general forms

minimize 2x1 — x9 + T3
subject to —3z1 + 9 — 523 <3
229 + Txs > 10
3x9 +4x3 =2
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if z € Z™ (integers) the problem on page 215 is called an integer linear
programming (ILP)

if some components of x are integers and some are real numbers, the problem is called
a mixed integer linear programming

examples of integer programing:
x represents quantities, countable units (pieces)
number of sale products
number of persons assigned on a work schedule
x € {0,1}: binary integer programming

x is status of a functioning unit in factory, '1" is on, '0’ is off
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hyperplane: solution set of a linear equation with coefficient vector a # 0
{z|aTz =0}

halfspace: solution set of a linear inequality with coefficient vector a # 0
{z|aTz<b}

we say a is the normal vector
polyhedron: solution set of a finite number of linear inequalities

x angbl, aT:r:Sbg, ceey aTbem ={x| Az <b
1 2 m

intersection of a finite number of halfspaces
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Ko g / .

a. Ay

a"xsb‘ N,

@TK = b
halfspase Wyperplane-
ag Qs
Pol Mr""
extreme point of C

a vector x € C is an extreme point (or a vertex) if we cannot find y, z € C both
different from x and a scalar a € [0, 1] such that z = ay + (1 — )z
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\‘ T — x93 =3

I T the gradient of ¢’z is ¢
minimize c'x R
~ . subject to 1 + 2 <6 the Ob_](?CtIV.e increases
- I — 29 < 3 along direction ¢
x1+ 32 =6 T
21+ 329 > 6 the level set: {z|c'z = o}
o F =6 r1,T9 > 0 is the line L to ¢

feasible set is a bounded polyhedron ™

find the level set: ¢fz = a with smallest « that intersects with the feasible set

find the optimal solution for a given ¢
c=(0,1),z= ¢=(-1,0),2" = c=(-1,1),2"= ¢=(1,3),2" =

solving graphically is for conceptual understanding; for 2-dimensional problems
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T2 over each of these simple sets

minimize ¢
we can derive an explicit solution of these LPs
box constraint: [ <z < u
probability simplex (or budget allocation): 172 = 1,2 =0
not all budget is used: 17z < 1,z >0
halfspace: a7z <b

draw the constraint set and inspect the solution for a given ¢
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refer to the standard form on page 86

an LP may not have a solution (constraints are inconsistent or the feasible set is
unbounded)
we assume A is full row rank; if not, considering Az = b
depending on A, the system could be inconsistent (hence, no extreme points), or
Az = b contains redundant equations, which can be removed

if a standard LP has a finite optimal solution then
a solution can always be chosen from among the vertices of the feasible set

(called basic feasible solutions)
the dual of an LP is also an LP
solutions of some simple LPs can be analytically inspected
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piecewise linear functions
problems involving absolute values
problems involving ¢; or £, norms

these problems can be cast as an LP
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using the properties of | - |,

linear inequality of absolute-valued function can be cast as linear inequality

for r € R, g <u <= —u<z<u
for v € R", Yoz <t <= JueR", —u=<z=<u, 1Ty <t
(1-norm: |[Ax — bl <t<= FuecR" —u=<Ar—b=<u, 1Tu<t

minimization of a function involving | - | can be cast as an LP (in variables =, u)

minimize; , 17y

minimize; || Az —bls subjectto —u=<Ar—b=<u
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recall the fact that
max(f1(z), f2(z)) <t <<= filz) <t, fa(w) <t
max of linear functions can be reformulated as linear inequalities

forz € R", max(0,2) <t <= 0=t z=1t1

piece-wise linear function:
max(al x4+ b, 0z + by, alx +b3) <t & alz+b<t, i=1,2,3
{ so-norm:

]l <t © max|z| <t & || <t Vi, & —t1<z=<11
(2
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Quadratic Programming
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a quadratic program (QP) is in the form

convex QP

minimize  (1/2)z? Pz + ¢%'x
subject to Gz =X h
Az = b,

where P € S",G € R™*" and A € RP*"

example: constrained least-squares

minimize || Az — b||3
subjectto [ Xx =<Xu

QP has linear constraints
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an unconstrained QP is unbounded below if P is not positive definite

an unconstrained QP has a unique solution: x = —P~!'q when P = 0
a QP is a convex problem if P is positive semidifinite definite

if P = 0 then a local minimizer z* is a global minimizer (by convexity)
if P> 0 then =* is a unique global solution (by strictly convexity)

the feasible set (polyhedron) may be empty (hence, the problem is infeasible)
the feasible set can be unbounded (but if P > 0 it implies boundedness)
solution of a QP may not be at a vertex

the dual of a QP is also a QP
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Mixed integer programming
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a general mixed integer linear programming (MILP) has two general forms

minimize ¢’z 4+ dTy minimize ¢’z +dTy
subject to Axr+ By =15 subject to Gx + Fy =<h
T is integer T is integer
x = (z1,...,2y,) where z; € Z (integer variables)

y=(y1,...,Yp) € RP (real-valued variables)
the objective function: ¢’z 4+ dTy = S cimi > b diwg
the objective function and constraint functions are linear in x and y
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binary choice (zero-one knapsack)

forcing constraints (facility location problem)

relation between variables

disjunctive constraints

restricted range of values

arbitrary piecewise linear functions (set packing, set covering)

sequencing problem with setup times
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scenario: when to encode a choice between two alternativers, use binary variables

zero-one knapsack problem
maximize ¢’z subject to w'z < K, z; € {0,1}, j=1,2,...,n

setting:
given n items; each has weight w; and value c¢;

given a bound K on the total weight that can be carried in a knapsack

goal: decide to select items to maximize the total value
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scenario: some variables are dependent; decision A can be made only if decision B has
been made

modeling:
introduce binary variables x,y corresponding to decision A and B, respectively
set x to equal to 1 if A is chosen and 0 otherwise
the dependence of the two decisions can be modeled using the constraint: = < y

if y = 0 (decision B is not made), then = = 0 (decision A is not made)
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given n facility locations indexed by ¢ and m clients to be serviced indexed by j

Capacity of facitlity

st each client j has a demand d; to be filled by

400 tons/day 1 pes .
: -WEQ selected facilities

s i \\\Ea 2 u; is the capacity of facility ¢
2 N\
200 toneiday X fi is a fixed cost of opening facility i, while
. \ s there is a cost ¢;; of serving client j from
sotensicey |- g Ea facility ¢ ($/demand unit)
g

goal: select a set of facility locations and assign each client to facilities that
minimizes the total cost while meeting the targeted demand

variables: x; € {0,1} for i =1,2,...,m where x; = 1 if facility 7 is open ;
yij € R represents the fraction of the demand d; filled by facility ¢
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minimize 33y fimi 4 sy 250 Ciidivii

subject to y;; >0, i=1,...,n,7=1,...,m fractions are non-negative
x; € {0,1}, i=1,2,...,n facility 7 is either open or closed
Siavii=1, j=1,2,...,m fractions of facilities to serve j sum to 1
Z;"Zl Vi < wixg, ©=1,2,...,n max capacity of facility i

force y;; to be positive when z; =1

in matrix form: C,Y € R™"™ and z,d,u € R"
cost: flx+1T(CoY)d

constraints:

Y >0, ze{0,1}*, 1y =1, Yd<uoz
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we want at least one of the two constraints is satisfied

flxy,. .. xn) <0, g(x1,...,25) <0

we can introduce y € {0,1} and a big number M and force

f($17"'7xn)§Mya g(l'l,,l‘n)SM(l—y)

Jitkomut Songsiri 106 / 277



we want to ensure that
f(z) >0 implies g(x) >0
introduce y € {0,1} and a big number My
flx) < My-y if f(xz) >0 then y must be 1

(if f(z) <0 then y can be 0 or 1)
link the "then’ part: y =1= g(x) >0

g(x) > —My(1 —y) ify=1then g(x) >0

(if y = 0 this constraint does nothing as — M, is very small)

in conclusion, we formulate

flz) < Myy, g(z) > —My(1 —y)
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scenario: there is a cost associated with performing an activity at a nonzero level that
does not depend on the level of activity

a fixed cost of operating machine A when there is an order of product A (but the cost
does not depend on the units of A)

modeling:
introduce binary variable y and let = € R be the level /number of units of such
activity
goal: set y to 1 whenever x is nonzero

use the constraint: x < My where M should be set equal to the maximum of x
that can attain
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scenario: when at most one of binary variables can be 1

modeling:

at most one of the variables z; can be one
17z <1
exactly one of the variables x; should be one

172 =1
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scenario: given two constraints a’z > b and Tz > d where a, ¢ = 0, we would like to
have at least one of the two constraints are satisfied

modeling: define a binary ¢ and impose
alz>yb, doe>1-y)d, ye{0,1}

general scenario: given m constraints: aiTx >b;, fori=1,...,m where a; = 0, we
require at least K of them are satisfied

modeling;:
ale >by, i=1,2,....m, 11y>K, y; €{0,1}
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scenario: aim to restrict x to take values in a set {a1,a2,...,an}

modeling: define a = (a1, as,...,a,) and a binary variable y € R™ such that

€T = aTya 1Ty = 17 Yj € {07 1}
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Constraint Programming
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constraint programming (CP) is based on identifying feasible solutions, rather than
minimizing some objective

CP may or may not have an objective function
examples:

employee scheduling: create work schedules for employees over a horizon

job shop problem: design schedule of multiple jobs processed on several machines

CP problems can be solved by CP-SAT solver in Google OR-Tools
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a problem of finding an optimal way to assign employees to shifts with a set of hard
constraints

employee scheduling problems are defined by three key elements:
resources: the entities being scheduled; here, the nurses/employees

tasks/slots: time intervals needed to be filled; day and night shifts over an
N-day horizon
rules of scheduling
capacity constraint: (3 people per shift)
temporal constraint: (no double-shifts, 12-hour recovery after nights)
distribution constraint: (min 3/ max 5 shifts per week)

scheduling is often treated as a constraint satisfaction problem (CSP)

unlike trying to minimize an objective, the primary challenge is simply finding any valid
schedule that does not violate constraints

solver CP-SAT in Google OR-Tools can be used to solve this problem
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Numerical tools
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Solver

LP

QP

MILP

Convex

w/ cvxpy

w/ OR-Tools

Notes

Gurobi

CPLEX

HiGHS

SCIP

Yes

Yes

Yes

Yes

Yes

Yes

Yes

Yes

Yes

Yes

Partial

Yes

Yes

Yes

Yes

Yes

Yes

Yes/installed

Yes/installed

Leading commercial solver; of-
fers the highest performance
across all problem types

IBM’s high-performance com-
mercial solver; a standard in
industrial-scale optimization

A high-performance, modern
open-source software for sparse
linear optimization; support con-
vex QP, not SOCP; currently,
not implemented with solving
QP within MathOpt interface in
OR-Tools

A powerful global optimizer that
handles MINLP and non-convex
problems; fast non-commercial
solvers available
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Solver

LP

QP

MILP

Convex

w/ cvxpy

w/ OR-Tools

Notes

ECOS

SCS

OSQP

Clarabel

Yes

Yes

Yes

Yes

Yes

Yes

Yes

No

No

No

No

Yes

Yes

Yes

Yes

Yes/installed

Yes/installed

Yes/installed

Yes/installed

No

No

Yes

No

A lightweight high precision
interior-point solver specialized
for LP, QP, SOCP

ADMM  (splitting methods);
solve very large problems to
moderate accuracy; for all conic
problems

the operator splitting QP solver;
currently the default and fastest
open-source choice for convex
QP

all conic types; robust, modern
implementation with strong nu-
merical stability
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Solver LP QP MILP Convex w/ cvxpy w/ OR-Tools Notes

PDLP Yes Yes No Yes No Yes/installed  Google’s primal-dual hybrid
gradient  solver; built  for
massive-scale LP and convex
diagonal QP

GLOP Yes No No No No Yes/installed  Google’s primary first-party LP
solver; highly optimized for
speed in pure LP tasks

CP-SAT Yes No  Yes No No Yes/installed  Google’s flagship solver of OR-

tools; a hybrid solver using Lazy
Clause Generation that com-
bines Constraint Programming,
SAT, and LP; world-class for
combinatorial problems
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Solver LP QP MILP Convex w/cvxpy w/ OR-Tools Notes

CBC Yes No  VYes No Yes Yes open-source MILP solver from
the COIN-OR project; robust for
discrete linear problems

GLPK Yes No No No Yes Yes part of the GNU project; a reli-
able, widely-used engine for pure
LP

GLPK_MI  Yes No Yes No Yes No MILP interface for GLPK

CVXOPT Yes Yes No Yes Yes No legacy Python-based library for

convex optimization that uses
interior-point methods
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QOutline

What is optimization?

Introductory examples: LP/MILP/Model estimation
Problem setting

Optimality of unconstrained problems

Problem types

Numerical tools

Optimization workflow and modeling

Introduction to logistics optimization
Traveling saleman problem (TSP)
Facility location problem

Inventory optimization

Linear programming
Quadratic Programming

Mixed integer programming
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Examples on Geoscience
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£1- and f,.-norm approximation
capturing geologic fold

gas production allocation

asset portfolio risk management
rig scheduling

pipeline network design

fuel distribution

some compact notations: we always deal with vectors x € R"
for an integer n, [n] ={1,2,...,n}
¢ ® x (Hadamard product) is a vector of (c1z1,...,chTy)
¢’z is a scalar returning Z?:l CiT;

17z is a scalar returning >0 x;
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given A € R™*" and b € R™
/1-norm approximation: minimize ||Ax — bl|1

equivalent LP:
minimize 17
subjectto —u<Azx—b=<u
with variable = and auxiliary variable u
loo-norm (or Chebyshev) approximation: minimize ||Az — b/

equivalent LP:
minimize t
subjecto —f1 < Ax—b=<tl

with variable x and auxiliary variable ¢
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compare histograms of residuals Az — b for

x)s = argmin | Az — blle, x; = argmin ||Az — b||1, %o = argmin |[|Az — b~

Hlslograms of residuals

o]l
;mmﬂmwﬁﬂwn(mmmmﬂmﬂ%m

Eeom]|

r T \‘ T T \‘ T T Df‘_m!m‘
' i ves\dlua\s " -
le of A € R?09%100. reiduals of 1- imation i d
example o ~ . resiauals o norm apprOX|mat|on IS concentrated at zero

Jitkomut Songsiri 125 / 277



fitting f(t) = o + (Bt to data containing 10% outliers

o data,

£1-norm| 7|

f(t)

£o-norm approximation tends to reduce large residuals occurred from outliers
£1-norm has less penalty than /5 when residuals are large; it is more robust to
outliers
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Capturing geologic fold

the surface of a reservoir is rarely a flat plane

setting:
m to capture the actual curvature of rock layers, geoscientists represent the depth y
as a function of geographic coordinates (easting d. and northing d,,)

§ ~ 20 + 21de + 2od, + 13d? + T4d% + 5dd,

= data y may contain noisy outliers (from seismic reflection and well-log data)
goal: estimate parameter x that gives § ~ y while avoiding sensitivity to outliers
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modeling: apply ¢1-norm approximation where x = (g, 21, 2, T3, T2)

:l):[l de dn d2 d,% dedn}x

e

note that ¢ is nonlinear in coordinate data but linear in = (parameter)
frame as § = Az and minimize ||y — Az||1 to suppress the influence from outliers

treat the problem as a convex, or reformulate as an LP (this lecture)
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Gas production allocation

Production Allocation application

SOURCES' i BLENDING & PROCESSING:
(WELS) i

m n wells production gas with different CO»

= gas must be blended before it enters the
e = pipeline to meet the Sales Gas
; Agreement (SGA)

Subsea)

~
i Pipeline
e *
BLENOING

= variables: flow rate from each well, choke size (discrete), well status (on/off)

= objective: maximize total gas production (revenue)
m constraints:
m CO, from all wells must be limited
heating value (HHV): gas must be hot enough but not so rich
liquid handling: limit how much gas you can draw from each well
daily contract quantity (DCQ): deliver a minimum amount to avoid penalty
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assume no binary well status variable
variables: flow rate ¢ € R" (unit = MMscf/day)—- Million standard cubic feet

objective: maximize total revenue minus cost
n
revenue = sz‘%‘ =p' q, p= price = gas price + CGR - condensate price
i=1
n
opex cost = Zopexiqi
i=1

objective = f(q) = (p — opex)Tq 2 ¢T'g (unit = %)

notes:

price coeffcients vary with wells
gas contains condensate (light oil) and has higher value than dry gas
the cost may additionally contain some penalty on impurities
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constraints:

0 =X ¢ = Gmax
1T

a limit for total mass of COq

> iz CO2,q;
Z?:l di

liquid handling: 1" ; WGR;¢; < LW

SGA: Heating value must be in a range

HHV,, < 2zt MHVidi

< =i < HHVpax
D1 i

Jitkomut Songsiri

(well capacity)

q < capacity (total volume has a limit)

<LCO2 = (COy; —LCO2)Tg<0

WGR = water gas ratio

(HHV — HHV,i,)T¢ >0
(HHV — HHV ) T¢ < 0
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effect: increasing ¢ makes the pressure drop near the wellbore increases and cause:
water coning: higher rate pull water into the well, increasing WGR
composition change: higer flow may draw gas from different layers that have
higher CO4
impurity modeling;:
concentration of impurity: % COs2 or bbl/MMscf of water
each well has its own impurity model (assume linear)

ci(q) = aiqi +b;, i=12,....n

a; is the sensitivity of impurity to the flow rate
b; is the baseline impurity level at minimum flow
total impurity function: can be put in the objective or as constraints
n n
g9(q) = Z ci(qQ)q = Z aiq? + bigi = ¢* Ag+bT'q  (quadratic function)
i=1 i=1
(unit = MMscf of COg per day, or bbl/d for water)
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impurity model as constraint: replace the limit of CO5 constraint with

9(q) = ¢" Aq + b"'q < Limit Z i
i=1

(total CO4 mass entering must be < a limit multiplied by the total volume of gas)

impurity model as objective: minimize
cost of impurity = X - g(¢) = Aq? Ag + bTq)

(X is the penalty coefficient: unit = $ per MMscf of CO,
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net cost = OPEX cost - revenue

default constraints = defined on page 131

P1: minimize net cost with default constraints
P2: minimize net cost 4+ impurity cost with default constraints

P3: minimize net cost with default + impurity constraints

Jitkomut Songsiri
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setting:

n wells with different risk profiles and value; some has low decline, low risk but

expensive to operate, while others are volatile but cheaper

given production rate's average and covariance calculated from historical data
goal: determine the production rate for each well to meet a total demand while
minimizing the total risk of the production
modeling;:

x € R™: percentage of the total demand production from n wells

¥ € S™: covariance of the production rate (mmCFD?)

zT'Yz: the risk or volatility of the total gas supply

u: expected production rate (mmCFD) decline curve analysis (DCA)

puz: weighted average production
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diagonals (variance): individual uncertainty of each well
off-diagonals (covariance): %;; is the covariance between well i and j

positive: if two wells are in the same reservoir layer, they likely have high positive
covariance (some technical issues in that layer would cause both to decrease

simultaneously)
low/zero: two wells are uncorrelated, providing the diversification for minimizing the

overall risk
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variable: z (allocation of production rate)
objective: (1/2)zTXx (the risk)
constraints:
allocation constraints: 0 <z <1, 1Tz =1
demand requirement: pTx > D where D is the total required demand

physical capacity limit: 0 < z - D < C where C € R" is the maximum capacity
optimization: quadratic program (QP)
minimize  (1/2)27 %z
subjectto 0=z =<1, 1Tz =1
,uTaszD, 0<z-D=<C
with variable z € R"
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Asset portfolio risk management: Results
example: five wells with different uncertainty and yield

Asset Input Parameters: Risk vs. Expected Production Production Allocation Strategy vs. Demand Load

Asset 1
250 @
a
2
s
Asset 2
E 200 1 [———— ()
El
s
2 Asset 3
S 150 ®
3
g
&
3 Asset 4
14
g 100 o
g
£
o Stable Zone
50 Asset 5 High-Yield Zone
00 25 50 75 100 125 150 175 200 P el Demand Requiremant 0) MCTDT e
Uncertainty (Standard Deviation) [MMCFD]

m vary D (demand) and observe the portion of allocation
m for low D, invest all in well no. 5 (low risk)

m for high D, invest distributedly in well no. 1,2,3,4
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the formulation on page 223 is essentially an insurance policy model
by setting D as a hard constraint, meeting the national gas demand is
non-negotiable
by minimizing 27X, we are looking for the quietest way to meet that
demand-the allocation that is least likely to result in a supply shock if one of the
wells underperforms
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if we add the average production to the objective:

minimize  (1/2) 27%z — \pTx
subjectto 0=z =<1, 1Tz =1
,LLTJ:ZD, 0<xz-D=XC

with variable z € R"
A > 0 is risk aversion parameter: trade-off between stable and cheap production

adding 7« to the objective seems redundant but it changes the behavior of the

optimal solution within the feasible region
with only the constraint (u?z > D): the solver finds the allocation x that minimizes
risk and merely satisfies the demand D; likely to hit the boundary where y”z = D
with both (Au”x in objective + constraint): the solver minimizes risk but is also
rewarded for exceeding the demand D; if there are assets that are both stable and
high-producing, the solver may choose an allocation that results in y”xz > D
because the benefit of the extra production outweighs the marginal increase in risk.
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RIG SCHEDULING: SINGLE MACHINE OPTIMIZATION PROBLEM

INPUT DATA THE PROBLEM: THE SOLUTION (OUTPUT):
(PARAMETERS) SCHEDULING {DECISION) OPTIMIZED PLAN
5w 2 ﬁ‘
s ONERIG ay 1 MAXIMIZE
WELL A 7S (THE SINGLE MACHINE) TS EAREY
Value: $200/day fros. - S
Repair: 3 Days \ z
8 WELLA s REVENUE
7Y —Y N ¢ | | o FLOWs
Value: $150/day === £
Repair: 5 Days o
&
b / ONERIG
WELL C / (THE SINGLE MACHIN)
= ;
EH, ¢ valve: $100/day |- oayo sy1 2z 3 4 5 6 7 8 9 omion
{58 | Repar 203y Only ONE rig available OPTIMIZED SCHEDULE
TOTAL TIME
HORIZON

Smith's Rule

setting:
n wells require repair time and offers different production gain
a workover rig can repair one well at a time
a total available repair time is given
goal: find a schedule that maximize the total cumulative value after recovery
fix the most productive wells as early as possible
maximize the total value recovered presented as NPV
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suppose there are n wells to be repaired

parameters:

v € R™: daily revenue or value of well once it is fixed

d € Z"™: number of days required to repair well

T total time horizon allowed for the rig to work

r: the discount rate to calculate Net Present Value (NPV)
variables:

€ {0,1}"T: 2, = 1 if well i is finished on day ¢

Solution matrix (x) Repair time Smith's rule:
Ratio of value / repair time

well 1 2 T
1
2

Jitkomut Songsiri
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we prioritize fixing high-value wells as early as possible
a well only begins generating revenue after the repair is complete

if the repair of well ¢ is finished at day c¢;, the well will produce revenue for the
remaining days (7' — ¢;)

for well i, NPV (net present value) is the sum of discounted daily revenue:

T
NPV; = Z ﬁ, r is the discount rate
t=c;+1

note: ¢; is a function of x;;, and NPV appears to be a function of =
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as x4 = 1 at day ¢ and 0 otherwise, we can arrange a NPV matrix (n x T') to be the
sum starting from ¢ to 1™

n T
U
v =3 (3 )
= = )
the objective is to maximize the NPV that only counts after finishing the repair

n T

maximize > Y i - NPV
x
i=1 t=1

which has a linear objective
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the sum of all finish possibilities for days earlier than the duration must be zero

di—1
t=1
example: if well ¢ requires 4 days of work

Til = T2 = X3 =0
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the rig can only work on one well at a time

for any specific day 7 in your schedule, the active repair status for well i is the sum of
all x;; that would force the rig to be at that well on day 7:

min(r+d; —1,T)

active; » = g Tit

t=r1

the window [7, 7 + d; — 1] represents all possible finish dates that would mean the well
is currently being worked on

Duration = 3, tau =4

U Active status

Possibility #1
Possibility #2
Possibility #3
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example: two wells where well 1 takes 2 days, and well 2 takes 3 days to finish
if the rig is working on well 1 on day 7 = 4 then active; 4 = 14 + 15

it could finish at the end of day 4 (started day 3)
it could finish at the end of day 5 (started day 4)

if the rig is working on well 2 on 7 = 4 then actives 4 = x24 + T2 5 + T2
it could finish at the end of day 4 (started day 2)

it could finish at the end of day 5 (started day 3)
it could finish at the end of day 6 (started day 4)

the constraint on day 7 = 4 says that the sum across all wells must be <1
(w14 +215) + (224 + 225 + 226) < 1

example: x14 and x2 4 cannot be 1 at the same time; that would mean the rig is
active on well 1 during day 3,4 while being active on well 2 during 2,3,4, creating
an impossible overlap
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we can now present the optimization problem as IP:

maximize, NPV
subject to  minimum lead time constraint
non-overlap constraint

with variable z € {0, 1}"*T
explain the solution outcomes under these considerations:

when T is less than the total repair time, not all wells can be fixed

what if the value does not decrease over time (not using NPV assumption), would
the scheduling plan change?
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effect on a scenario where a well with a high value also has a long repair duration
setup: T' = 10, two wells: v = (500,200) and d = (5,2)

case 1: r =0

option 1: fix well A before well B, finished on day 5 and then 7

revenue = A+ B = (10 — 5) x 500 + (10 — 7) x 200 = 3100%
option 2: fix well B before well A, finished on day 2 and then 7

revenue = B+ A = (10 — 2) x 200 + (10 — 7) x 500 = 3100%
areas under the revenue curve are the same: the solver is indifferent

the sequence of choosing well to be fixed is not relevant
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setup: 1" = 10, two wells: v = (500, 200) and d = (5, 2)

case 2: r = 0.001 a dollar on day 1 is worth more than on day 10
option 1: fix well A before well B (high value first)

well A starts generating revenue on day 6 ($500/day), which is more valuable than
well B ($200/day)

choose well A first if r is relatively low (discount penalty is low as compared to value
generating)

option 2: fix well B before well A (short duration first)

well B finishes fast (day 2) and generate revenue immediately
if the discount rate r is high enough, the solver might prefer starting the smaller
$200 on day 3, rather than waiting until day 6 for $500 option

when r > 0, its value and (v, d) affect the sequence of scheduling

the solver feels pressure to finish high-value wells early to avoid losing value over time
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without NPV: the actual value is v; X remaining days

the problem share similarities to knapsack and bin packing problems

knapsack goal: choose subset of wells that fits into the time slot (as capacity) to
maximize the total value from the subset you pick

bin packing goal: focus on space utilization (arrange wells so there is no idle time
for the rig)

Jitkomut Songsiri 151 / 277



in general, a single machine scheduling has several objectives: e.g.,
minimize the sum of completion times
minimize the cost of lateness

minimize the profit of earliness

the smith’s rule (weighted shortest processing time, WSPT) is optimal algorithm for
infinite horizon

with NPV or a fixed T', smith’s rule is a heuristic (provide a good starting point) but
not optimal
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Pipeline network design
setting:

m n newly drilled wells across a field and one central station

m aim to connect every well to the station using minimum cost

m ensure that every well has a valid flow path to the destination

@ DRILLED WELL LOCATIONS

[y central Gathering Station

® Task: Construct a cost-
b= efficient pipeline network

n=20 dispersed well locations

Well D

.
Well E

N

®

] 0o

==~ POTENTIAL PIPELINE
CONNECTIONS

Which connections to build?
€ Currency and items
& Length & length rule

a2 MixedInteger Linear
@ Program (MILP} Result

@ Minimized Total
== Construction Cost

o2, Minimum spanring Tree
(MST) Topology

@ Mo Redundant Loops

r Valid Flow Path
far Every Well

—4

CENL
HUB N

—— BUILT PIPELINES
(junctit connecting Every Well)

Total Network Cost: 5100
Total Pipeline Length: 1200m

Global Optimum
Achieved

Intro to Optim and App
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variables:
xij € {0,1}"*™: x;; = 1 if a pipeline is constructed from node j to node i
fij = 0: the amount of fluid flowing from node j to node ¢
objective:
minimize Z CijTij
1<i,j<n

example of the cost coefficient: ¢;; can be the distance between location 7 and j

once x and f are solved, we can represent the network using graph concept
a set of nodes indexed by 1,2,...,n

a set of edges connected between node ¢ and j; here, using x as the adjacency
matrix to determine the edges

an edge connected between from node j to node i if z;; =1
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flow balance: for each node i, the net flow (total flow out - total flow in) must
equal the production

Z Jri — Z fij = bi (production)
k J

(fri is flow out of i to k, and f;; is flow from j into i)

if b; > 0, the node i is a generator or a source
if b; < 0, the node 7 is a sink (or load), e.g., the station

capacity link:
fij <M -x;;, M is alarge number

this ensures flow can only exist from j to i if the pipe x;; is built
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the optimization is MILP

Gathering Network Design: Flow from j to i (Total Cost: 127.08)

3
80 'g\\ LN
70 ~ e

~_ /

Ee0 S —

2 \d/

£ 50

5 |

g |

8§ a0 [

> |
30 “

20 ® weis “
@ Central Hub Pl
30 40 50 60 70 80 90

X Coordinate (m)

Matrix x (Binary Pipe Built)

1.0
1]
0.8
221
s 06
5]
3 0.4
o
24
02
5]
— 0.0

Node j (Source)

Matrix f (Continuous Flow)4

14 10 | 20 4.0
3
221
£
s
3 2
Q
=)
24
1
54 2.0
———— 0

Node j (Source)

node 1 is the hub: row 1 has nonzero entries on column 2,3,5 (from nodes 2,3,5)

link from node 4 to node 5: row 5 has a nonzero entry on column 4

sum of row 1: sum of flows to the hub
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some relevant constraint in a more realistic setting
pressure drop and nonlinear flow

fijl fij| = C'izjq /Pj2 — P2 (Cyj is a pipeline constant)

the flow is proportional to the square root of the difference of squared pressures

(this is nonlinear; require some more math technique to re-formulate)
define an auxilliary variable: 7; = P? and use a

ffj < ij(ﬂj —m;) (relax to inequality)

this can be rewritten as a second-order cone form:

2 fis

.. 2 J

o (i +2m <21 = v2e; <mji-m+1
Cij 7rj—7ri—1 9

the problem is a mixed-integer second-order cone program (MISOCP)
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Fuel distribution

a central terminal (depot) must supply a set of gas stations using a fleet of trucks

EEXPLORINGTHE FUELDISTRIBUTIONVRP)(VEHD;;’EROL::;?PRBLEM) network: N directed graph G _ (‘/’ A)
& "} » V={0,1,...,n}: set of nodes
X e (node 0 is the depot and nodes
1,...,n are delivery points
w A={(i,j) 4,7 €V, i#j} an
ordered pair (i, 7) implying a
direction from node i to j

d deman
0, : Vehicle Capacity

m depot: a single starting and ending point for all vehicles
m customers: n gas stations, each with a known fuel demand d;
m fleet: K identical tanker trucks, each with a maximum fuel capacity @

w travel cost: ¢;; (distance or time) is the cost from location i to j
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x € {0,1}(H)x (XK. pravel status

x5, = 1 if vehicle k travels directly from node i to node j

(n+1)xK

u € R : cumulative load variable

u;p, represents the total load carried by vehicle k after visiting node i
(to track capacity and prevent sub-tours)
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the goal is to minimize the total operational cost of the fleet.

K n n
minimize g E Ecij-a:ijk

k=1i=0 j=0

this minimizes the sum of all segments traveled by all active tanker trucks

indices i, j starts at 0 referring to the depot index and 1,...,n for customers
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notation: V ={0,1,...,n} and [n] = {1,...,n}
every station is serviced without exceeding truck limits
service guarantee: each gas station must be visited exactly once by one truck

Z sz]k - ]- \V/j € [n]

ke[K] i€V

(this is assign constraint to gas station, so j runs from 1, not 0)

flow conservation: if a truck enters a gas station (node ), it must also leave
that station to go to the next node or return to the depot

foipk — prjk =0, VpeV,Vke[K]
eV jev
(go from i to p and then go from p to j)
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depot continuity: every truck used must start its route at the depot and return
to the depot after its final delivery

S wo=1, Vk€ K], Y wmop=1, Vk€ K]

jE€[n] i€[n]

capacity constraint: for any vehicle k, the sum of demands d; for all stations on
its route cannot exceed the tanker’s capacity Qg

ZZdlxwkSQk V]CG[K]

i€V je[n]

sub-tour elimination: ensure the solution is one continuous loop per truck rather
than several disconnected small cycles
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a common approach is the Miller-Tucker-Zemlin (MTZ) formulation:

MTZ 1t wi — uji + Qraije < Qr —dj, V(i,j) € A, j #0,Vk € [K]
MTZ 2. d; <wuyp < Qk, Yie€][n],Vke[K]

how it works: the constraint MTZ 1 is binding only when traveling from i to j

if travel from ¢ — j (2;;; = 1): constraint reduces to
wjr > i, +d; = force ujy to strictly increase

creating a logical flow that cannot loop back on itself
example: consideraloopl -2 —3—1

for 1 — 2: ugp = uap + do take the sum of three inequalities

for 2 — 3: ugp > ugp +dy = we get a

for 3 — 1: uyp > usp +di 02di+dy+ds

therefore, no such loop can exist in a feasible solution
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if not travel from i — j (x;;, = 0): constraint reduces to
Ui — ujp < Qr —dj, = easily satisfied by any load value (loose constraint)

meaning u;y, is free to be any value that fits the rest of the route’s logic
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the problem is MILP and regarded as a capaciated vehicle routing (CVRP) problem

minimize  travel cost

subject to service guarantee
flow conservation
depot continuity
capacity constraint
sub-tour elimination

with variables z € {0,1}("*D*(+DXK (travel status) and u € R™FD*K (cumulative
load variable)

can be solved by routing library in Google OR tools
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example: n =20, K =5,Q = (25,25,25,25,25), random coordinates and demand,
cost is the distance

Logistics Optimization: Fuel Distribution Routes (n=20, K=5

1001 [l Depot (Refinery) &
@ Gas Stations
8

80

60

40

Y Coordinate (km)

20

40 6‘0 8‘0
X Coordinate (km)

the solver naturally groups gas stations that are geographically close to each other
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essentially a collection of TSP with added constraints
for one vehicle with infinite capacity, CVRP simplifies to a standard TSP
since TSP is NP-hard!, CVRP must also be NP-hard

MILP formulations can be used for small-to-medium problems but for large-scale
logistics, we often rely on specialized heuristics

OR-tools use metaheuristics (guided local search, GLS) in routing problem

CVRP introduces elements of bin packing problem as we must decide which gas
stations (demand) fit into which truck (bins of capacity)

CVRP is a VRP with a capacity constraint; if we set infinite capacity (Q = o0), it
becomes multi-vehicle VRP

!(non-deterministic polynomial-time hard; it is at least as difficult as the hardest problems in NP)
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an offshore gas platform operates two 12-hour shifts (Day and Night) per day. You
must assign a pool of 10 crew members to these shifts over a 7-day rotation period
while satisfying strict safety and labor regulations.

minimum skill coverage: each shift (day and night) must have exactly 3 crew
members assigned; no more,no less

no double-shift rule: a crew member can be assigned to at most one shift per
day; they cannot work both the day and night shifts

recovery period: if a crew works a night shift, they cannot work the day shift
immediatly following it; need at least 12 hours of rest

fair work-life balance: over 7-day period, every member must work at least 3
shifts but no more than 5 shifts total
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Shift assignment: Example of results

OFFSHORE CREW ROTATION SCHEDULING: 7-DAY OVERVIEW

Monday Tuesday Wednesday | Thursday Friday Saturday Sunday

Crew Member 1

Crew Member 2

Crew Member 3

Crew Member 4

Crew Member 5
NO DOUBLE-SHIFT POLICY:
Crew Member 6 A crew member cannot be assigned to !
T T at most cne shift per day. For example,
Crew Member 7 they cannot work both the Day and
| J Night shifts on Tuesday.
Crew Member 8

Crew Member 3

Crew Member 10
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goal: to schedule a set of n maintenance activities during a planned facility shutdown
maintenance list: valve replacement, sensor calibration, pressure vessel inspection

the platform has limited specialized personnel (divers, welders) and equipment
(heavy-lift cranes)

each task has a known duration, but some tasks cannot start until others are
finished

variables:
start time: S; an integer showing when task i begins for i € [n]
end time: E; an integer showing when task ¢ finishes for i € [n]

presence: P; a boolean (if a task is optional, though in shutdowns, most are
mandatory)

interval: I; a logical object that link start, end, and duration (E; = S; + duration)
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precedence constraints: task B cannot start until task A is complete: Sp > Ex

resource capacity (cumulative): the total number of welders required by all active
tasks at any hour ¢t cannot exceed the 5 welders currently offshore

g welders; < available welders

)

disjunctive constraints (no-overlap): two specific tasks cannot happen at the same
time because they share the same physical space or tools

I4 and Ip must not overlap
fixed windows: the flare tip replacement must be during daylight hours for safety

Share = 06:00 and FEj,e < 18:00
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minimize the maximum E; (the finish time of the very last task)

this translate to minimizing lost production revenue

CP-SAT uses interval variables and cumulative functions designed specifically to handle
blocks of time efficiently
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horizon: 24-hour to complete all the tasks

Task  Work Duration (h) Resource

T1 scaffold 2 2 workers
T2 flare removal 3 workers + crane
T3 pipe welding 2 workers
T4 crane calibration 1 worker + crane

N O W

logic constraints:
precedence: we must scaffold before removing the flare tip (T2)
resource capacity: T2 and T3 must require the workers to stays < 4
no-overlap: T2 and T4 both require the single crane

fixed window: T2 (flare removal) must occur during 6:00-18:00
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Project scheduling: Result

Offshore Turnaround Schedule: CP-SAT Logical Optimization

Safety Daylight Window

4 6 8 10 12 14 16 18 20 22 24
Timeline (24-Hour Clock)

o
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A3: Regression problems in geoscience

Intro to Optim and App

Jitkomut Songsiri A3: Regression problems in

geoscience
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QOutline

What is optimization?

Introductory examples: LP/MILP/Model estimation
Problem setting

Optimality of unconstrained problems

Problem types

Numerical tools

Optimization workflow and modeling

Introduction to logistics optimization
Traveling saleman problem (TSP)
Facility location problem

Inventory optimization

Linear programming
Quadratic Programming

Mixed integer programming
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Regression problem
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setting: suppose {(z;,v;)}Y, are input/output data
y (output/response variable) is a function of = (input/regressor)

ground-truth: y = g(x;0) + e where g is the actual relationship between z and y
parametrized by 6 but g is unknown

we model § = f(x;0) and estimate 6 such that § ~ y

method: to quantify that y ~ g, several choices of loss functions can be applied
lo-norm: £(0) = (1/N)ly — 93 = (1/N) 0%, [ys — f (x5 0)|
tr-norm: £(0) = (1/N)ly — gl = (1/N) /L, |yi — f(xi50)]
loo-norm: £(0) = ||y — §lloc = max;—1,...~ |yi — f(z:;0)|

other robust loss functions exist in literature (huber, median absolute deviation
(MAD), etc.)
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we provide a concept of estimation with two objectives:

minixmize f(z) == g(x) + vh(zx)

x is model parameter
g is a loss function that indicates model fitting
h is a regularization function that affects solution properties (aka

~ > 0 is a penalty weight controlling a balance between model quality and
regularization of x

g is typically a quadratic loss or log-likelihood function

the choice of h dictates the solution behaviour
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given x, as a targeted solution (defined by the user)

we add the 2-norm penalty to the objective function

minimize g(z) 4+ ||z — .||
€T

seek for a solution that minimizes g(z) but also close to z,
the trade-off is controlled by v > 0 (large value heavily forces x ~ z,)
also called Tikhonov regularized least-squares or ridge regression

when g(z) is the linear least-squares loss: g(x) = ||Azx — y||3, the {>-regularized
LS has the analytical solution for any v > 0:

¥ = (ATA+~I)tATy

(no restrictions on shape, rank of A)
interpreted as a MAP estimation with the log-prior of the Gaussian
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adding the /1-norm penalty to the least-square problem
minimize g(x) + v||z|1
x

a convex heuristic method for finding a sparse = that also minimizes g

also called Lasso or basis pursuit

a nondifferentiable problem due to || - ||; term

no analytical solution (even when g is linear LS loss), but can be solved efficiently
interpreted as a MAP estimation with the log-prior of the Laplacian distribution

find many applications known as sparse methods: sparse- logistic regression,
PCA, SVM, Gaussian graphical model, etc.
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Regularization: Example
solve linaer LS with h(x) = ||z||3 and h(z) = ||z|; using v = 0.2

Ly-regularized solution £1-regularized solution
0.09 0.9
0.08 0.8
0.07 0.7

o o
o o
[ -
o o
[N

o
o
=

Frequency
o
~

Frequency

o o
o 9
o ®
o o
Noow

o
o
=]

o
:

-0.2 -0.1

o

0.1 0.2 -0.2 -0.1 0 0.1

m solution of ¢ regularization is more widely spread
m solution of ¢; regularization is concentrated at zero
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suppose we model y = f(x; 3) where f can be any nonlinear mapping

goal: find §; that makes § = f(z; /) match well with 7-quantile of y

N
minér;nize (1/N) pr(yi — f(zi;8r))

=1

where p; is called the pinball loss

pr(r) = max(rr, (1—1)r) =

Quantile Regression: Different Slopes for Different Percentiles

©  Dota (Heteroscedastic)

--- 1=039(%th Pg
—— 7=0.5 (Medion) -
-=- T=0.1(10th) ~Ce ®

can be shown that § = f(x; 5;) agrees with the sample T-quantile of y

if f(x;p;) is linearly parametrized in (;, the problem can be cast as an LP
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when f(x; 3;) is linearly parametrized in §;:

f(x;Br) = Bragi(z) + - - Brsgs(x)
(a nonlinear model f is represented as a sum of s-basis functions g;)
minimizing pinball loss can be cast as an LP

minimizeg 5, 17d
subject to T(yi — f(xi;67)) <di, i=1,...,N

(by introducing d € RY as an upper bound of max function)

it can be an LP because f(x; ;) is linear function in B;1,..., s
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when the goal is to find g, associated with a list of 7-quantiles:
Trel={n,m,....,7m} e.g9.,I'={0.1,0.2,...,0.9}
we must have separate coefficients 3, for each 7
mathematical fact: the value of g, = f(z;3;) is increasing as 7 increase, e.g.,
P01 < %02 <--- < oo

the coefficients By 1, ..., 80.9 are linked to non-crossing quantile condition

quantile regression with non-crossing quantile constraint

minimizeg,  (1/N) ZZIL > rerPr(yi — f(2i587))
subject to  f(xs;8r) < f(2i; Bry) < -+ < f(2i;Brn), i=1,...,N
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well test analysis
decline curve analysis (DCA) and regularization

quantile decline curve
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when we shut in a producing well, the pressure in the wellbore begins to rise as
the surrounding reservoir fluids try to reach equilibrium

how the pressure increases over time is a unique characteristic of the reservoir

problem setting: given N samples of t; and AP; (change in pressure) for i € [N]
model the pressure change by

, 162.6-q- B -
AP(t;kh,s):m[

kt

w

where ¢ (flow rate), B (formation volume factor), u (viscosity), ¢ (porosity), ¢
(compressibility), 7, (wellbore radius) are known constants

unknown parameters: k- h (permeability-thickness) and s (skin factor)
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1
Pucer?,

we can group the terms: A =1626-¢-B-pand D =
- A
AP(t; kh,s) = h [log,(kDt) — 3.23 + 0.869s]

physical constraints: kh > 0 and s > —5 (physical limit for stimulated well)

nonlinear least-squares:

R I A 2
minimize ; [APi - (kh [log,o(kDt;) — 3.23 + 0.8698])]

h,s

we can try solving NLS with and without physical constraints

note that if kh is known, the problem becomes linear LS in s
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Well test analysis: Fitted result
given a fixed h, ground-truth value (kh = 1250.0, s = 2.5)

Well Test Regression (Estimating kh and s)

® PTTEP Gauge Data o® °
380 { — Fitted constrained: kh=1274.8, s=2.62 ° o °
360 -
=
E
o 3401
o
g
&
2
[¢]
<
a 3201
<
&
300 4
280 1
0 2 4 6 8 10
Time (hours)
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when open a well, the pressure is high, and the oil flows fast; as oil leaves the tank, the
pressure drops, and the flow rate declines

questions to be explored:
forecasting: how much oil will the well produce next month?

EUR: Estimated uncertainty recovery: what is the total volume we will recover
before the well dies?

mine life: when will the well hit its economic limit where it costs more to run than
it earns?
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J.J.Arps observed that the relative change in production rate follows

q0 .
H=—TB oy S0tist
Q( ) (1 + bDot)l/b IS time

qo: initial production rate when the well first starts

Dy: initial decline rate (how fast the production drops at the every begining, e.g.,
10% per year)
b: the b-factor describes the curvature of the decline

b = 0 (exponential): decline by a constant percentage per year (take the limit b — 0,
we get q(t) = goe~ P using L'Hopital’s rule)

0 < b < 1 (hyperbolic): a common case where the rate itself slows down over time
b =1 (harmonic): special case often seen in high-water-derive reservoirs
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instead of viewing ¢(t) as the response, we consider the relative change in production

1 dq(t) Do
q(t) dt 1+ bDgt

decline rate: D(t) £ —
the reciprocal of D(t) is linearly parametrized in b

SV 1][?} R
Dy

by changing the response variable, we can use a linear model (the estimation part
becomes easy)

calculating dq/dt from raw data can be extremely noisy

outlier: if dgq/dt is near zero (during a temporary production spike or sensor error),
the value #/dt goes to oo
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for a single well, we observe data (¢, ¢(t)), find = = (qo, Do, b) that

m|n|m|ze Z — (t; x))?

where ¢(t; x) is the production from the assumed model
linear case: when b = 0, reduces to linear LS

log q(t) = log(qo) — Dot

practical issues:
data may contain outliers due to shut-in period, adjusted choke

well condition change (pump installation, water breakthrough); this may require
refit the decline curve in multi-segment

with a few samples, the optimization may return b factor that is unrealistic, e.g.,
b =2 (may fix by posting a constraint)
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ground-truth: Arps equation with b = 0.8

Arps Hyperbolic Decline Analysis (b=0.8)

1600
o Observed Data
° Hyperbolic Fit
(b=1.00, D0=82.9%)
1400 —-- Exp. Fit (b=0)
1200 -
2 1000 A
[}
=)
2
= 800
4
600
400 -
200 1
0 10 20 30 40 50 60
Months

fitted with scipy.optimize.curve_fit
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penalize the squared distance of the b factor from a known physical anchor, bpyior
for a shale (unconventional reservoir), expect b ~ 1 — 1.5 during first 3-5 years

{o-regularized LS: m|n|m|ze Z z))2 + (b — bprior)2

regularize on the nonlinear Arps model

N q0
t) =q(t t = b, D
y() Q( )7 y(,x) 1+bD0t’ T ( ) 0)
regularize on the linearized Arps model
() = =, gltix) = bt + . @ =(b1/Dy)
Yy - D(t)’ Y\ r) = DO’ r =0, 0

closed-form solution: b = (AT A + verel) 71 (ATy + ve1bprior), €1 = (1,0) ™
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ground-truth: Arps equation with b = 1.4 and set bprior = 1.3

DCA L2 Regularization (focus on b only, y=10.0)

1600
Observed (Noisy)
== Ground Truth
—— Nonlinear L2 (b=1.52)
1400 —— Linearized L2 (b=1.11)
12004
a
o
o
@ 1000
800 -
600 -
0 5 10 15 20 25 30 35

the performance depends on vy (penalty parameter) and the confidence in bprior
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produce a family of curves g, (t) that define the probability space of well's performance

P90 curve (7 = 0.1): the conservative profile; there is a 90% chance that the
actual production at any time t will be above this line

P50 curve (7 = 0.5): the most likely profile; the median expectation

P10curve (7 = 0.9): the upside potential; only 10% of wells, given these z
inputs, will perform this well

modeling:
response y: production rate (g;) at time ¢ (STB/d)
predictor ¢: time (months on production)

predictor X:

controllable: lateral length, number of stages, total proppant
measured: porosity, initial reservoir pressure, depth
choke size setting
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assume the production rate follows a model f(¢,z; /)

quantile regression minimizes the pinball loss: given quantile list I' = {0.1,0.5,0.9}

Nuo. wel T

minimizeﬁ-r Z Z Z max (T(yi,t - f(ta Ti; BT))? (7- - 1)(yi,t - f(t¢xi;/87)))

Tell i=1 t=1
subject to  non-crossing quantile constraint

some static predictors x; that do not change over time

depth of well 4
amount of proppant (sand) injected into well ¢ during completion
geological coordinates of well ¢

the time length T; may vary between wells (well A has 24-month data, while well
B has 6 month)

coefficient (3, is global across wells (represent physics applied to the entire field)
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data: 200 wells, 7 = 0.1,0.5,0.9

log q(t) = Bo + B log(t) + Pa - porosity + 3 - choke

(choke changes over time, but porosity is static)

Sensitivity to In(t)

Quantile Decline Curve
Sensitivity to Porosity

Sensitivity to Choke %

1000 = P90 (beta=-0.704) = P90 (beta=11.974) = P90 (beta=0.010)
P50 (beta=-0.706) 300 P50 (beta=11.987) 220 P50 (beta=0.010)
— P9 (beta=-0.704) — P9 (beta=11.950) — P9 (beta=0.010)
200
800
250
a 3 5 180
e 2 2
g 2 8 160
= 600 = =
= 320 >
® T ©
< < < 140
s 5 s
F=1 S 150 B
8 400 ] B
El E 2120
g 2 g
& & &
100 100
200
80
50
0 60
00 05 10 15 20 25 30 35 40 010 012 014 016 018 020 022 0.24 20 40 60 80 100
In(t) Porosity Choke %

(plotted in the original transform - reverse log back to expo)
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Numerical tools
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nonlinear least-squares with constraints
scipy.optimize.curve_fit
scipy.optimize.least_squares
linear case: np.linalg.lstsq

quantile regression
linear case: can be alternatively solved using LP formulation

statsmodel with QuantReg class
Scikit-learn with QuantileRegressor class
tree-based models such as LightGBM, XGboost, quantile regression forest

quantile neural network (QRNN): we can use PyTorch implementation

other regression problems: depend on the problem type

if convex, we can use cvxpy
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A4: Convex optimization applications

Intro to Optim and App
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Convex sets

a set C is said to be convex if for any x,y € C we have
fr+(1—-0)yeC, forall 0<0<1

which of the following sets are convex ?

O@ﬂ\ ;

fact: an intersection of convex sets is convex (even infinitely many number of
intersections)
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examples in R"
hyperplane, halfspace
polyhedron: {x € R" |alz <b;, i=1,...,m, cfx =d;,j=1,...,p}
probability simplex: {z |z =0, 172 =1}
norm ball: {z € R" | ||z|| < a} where a > 0 is given
norm cone: {(z,t) | ||lz|| <t} € R**!
second-order cone: is the norm cone for the /5-norm
convex cone: C'is a set that z1,20 € C and 01,05 > 0 we have 0121 + 025 € C
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convex function: f: R" — R is convex if

f0x+ (1 —-0)y) <0f(z)+(1-0)f(y)

for all z,y in the domain of f and 0 <6 <1
loosely speaking, f is convex if it has an upward shape

examples on R:
affine: ax 4+ b for any a,b € R
exponential: e%* for any a € R
powers of absolute value: |z|P for p > 1
negative entropy: xlogz on R4

Jitkomut Songsiri

205 / 277



affine: a’z +b

norm functions: ||z||

norms of affine: ||a”z + b|

quadratic: 27 Pz + ¢"x when P = 0
negative entropy: » . ; z;log x; on R .
log-sum-exponential: log (3", e™)

sum of K-largest entries: x;] + -+ + x[x] where z[;] > T[g] > -+ > Ty
fact: a a-sublevel set of a convex function f:
Co={zeR"|f(z)<a}

is a convex set
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suppose a feasible set is described by inequality constraint functions:
C={zeR"| fi(x)<0,1=1,2,...,m }

fact: C is a convex set if all f;(x)'s are convex functions

the constraint of each f;(x) < 0 corresponds to a convex set (sublevel set of
convex function property)

C is the intersection of m convex sets, and hence is convex
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suppose f is differentiable; then f is convex if and only if

dom f is convex and f(y) > f(z) + Vf(z) ' (y —x), Vz,y € dom f

the first-order Taylor approximation of f is a global underestimator of f if and
only if f is convex
if Vf(x) =0 then for all y € dom f, f(y) > f(z),i.e.,, x is a global minimizer of f

assume that V2 f exists at each point in dom f; then f is convex if and only if
dom f is convex and V?f(z) =0, Vz € dom f

f is convex if and only if its Hessian matrix is positive semidefinite
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preserve convexity of a convex set
intersection
image (and inverse image) of affine mapping
image (and inverse image) of perspective mapping
preserve convexity of a convex function
non-negative weighted sum
composition with affine mapping, composition rules
pointwise maximum and supremum, minimization over one variable
perspective of a function

conjugate function (important role in duality theory)

Jitkomut Songsiri 209 / 277



if fi,..., fm are convex then their pointwise maximum:

f(@) = max{f1(2), fa(x),. .., fm(2)}

is also convex

example:

piece-wise linear function:

flx) = max{alT:c + by, agx + bo, ... ,aTTnﬂS + b }
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if f(z) is convex then f(Az + b) is also convex

examples:
f(x) = ||Az + b]| for any norm || - ||
f(z) = log (Zm e vtbi ) (softplus, smooth approximation of max)
f(w) = max(0,1 — yi(w’z; + b)) (hinge loss in SVM)
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if for each y € A, f(x,y) is convex in x, then the function g, defined as

g(x) = sup f(z,y)
yeA

is convex in =

distance to farthest point of a set:

f(x) =sup ||z —y|| is convex
yeC

(since ||z — y|| is linear in = (hence, convex in x)

support function of a set:
Sc(x) =sup {z"y |y e C}

(since 2Ty is linear in x)
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convex optimization problem is one of the form

minimize  fo(x)
subject to  fi(x) <0, i=1,...,m
aiTaz:bi, i=1,...,p

where

objective and constraint functions are convex

equality constraint functions h;(z) = al x — b; must be affine

result: an optimal solution of a convex program is a global minimizer
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convex problems are of interest due to some desirable properties
many operations preserve convexity of a convex set

intersection
image (and inverse image) of affine mapping
image (and inverse image) of perspective mapping
many operations preserve convexity of a convex function
non-negative weighted sum
composition with affine mapping, composition rules
pointwise maximum and supremum, minimization over one variable
perspective of a function
conjugate function (important role in duality theory)

KKT conditions are sufficient and necessary for optimality

many optimization problems in engineering are convex programs
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a general linear program has the form

minimize Lz
subject to Gx X h

Ax =b

where G € R™*" and A € RP*"

a quadratic program (QP) is in the form
convex QP

minimize  (1/2)2T Pz + ¢"'x
subject to Gz <X h
Az = b,
where P € S",G € R™*" and A € RP*" _ _
linear constraints
QP has linear constraints
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consider three cases of P and different feasible sets

Positive definite Positive semidefinite Indefinite

ax

x o 2\

)
.

£ Y £

verify the location of the optimal solution for each constraint set
left: a bounded set, a line, an unbounded feasible set
middle: bounded and unbouded feasible sets, while f is unbounded below

right: a bounded feasible set, while f is unbounded below and above
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a quadratically constrained quadratic program (QCQP) is in the form

minimize  (1/z)2T Por + ¢l
subject to  (1/2)2TPx + ¢l +7r; <0, i=1,...,m
Ax =b,

where P;'s are positive semidefinite, G € R™*" and A € RP*"

QCQP has both linear and quadratic constraints
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SOCP is the problem:
minimize T
subject to ||[Ajx +billa <clzx+d;, i=1,...,m
Fr=g

with variable z € R™

we call a constraint of the form
|Az +blls < Tz 4+d, AecRF"

a second-order cone constraint since it requires the affine function (Az +b,c’ 'z 4 d)
to lie in the second-order cone in #+1

if ; =0,i=1,...,m, the SOCP is equivalent to a QCQP
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we list some common convex functions and give simple proof
estimation (regression, machine learning)
risk measure

conic problems
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let £(u) be a convex loss function where w is typically a residual error; if u =y — §(0)
is linear in 6 then {(y — y(#)) is convex in

proof: a composition of convex with affine function is convex

example of convex loss function ¢:
negative log-likelihood of some distributions
I+ 113 or any norm: £() = |- |
Huber loss
in which scenario is 3(6) linear in 67
9(0) is a sum of basis functions (polynomials, Fourier, etc.)

9(0) is the output of feed-forward NN where all the weights in hidden layers are
frozen, and only the weights in output layers are parameters
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for z € R", denote z; the Eth largest entry with T[> Tg] 2 2 Ty
the sum of K-largest function whered 1 < K < n, defined as
f(x)=ap +z9 + - + 2]

is convex
proof: f(x) = max{zjy + Tp + -+ 24 | 1 <idy <idp <--- <ip <n}

f is the maximum of all possible sums of r different components (pointwise
maximum of convex is convex)

more generally, g(z) = Zfil w;x[;) is convex provided that wy > wy > -++ > w, >0

when K = n, g is called ordered weighted /; norm
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the function f(z) = Zfil x[;) is the optimal value of the following LP with its dual:

(P) maximize, 2Ty (D) minimize;, Kt+ 17z
subjectto 0 <Xy <1, subject to t1+4 z > x,

from the primal, f(x) = Sup,cc zTy

the pointwise supremum of linear function in x over y is convex (another
convexity proof)

from the dual, f(x) < c is feasible if and only if the followings are feasible
Kt+1Tz<e¢, t14z>=xz, 2>0

(the sum of K-largest constraint can be presented as linear constraints)
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variable: z (allocation of production rate)
objective: (1/2)2T Sz (the risk)
constraints:
allocation constraints: 0 <z <1, 1Tz =1
demand requirement: Tz > D where D is the total required demand
physical capacity limit: 0 <z - D < C where C € R" is the maximum capacity
bound on K-largest allocations: Zfil zp) <y where 0 <y <1
optimization: quadratic program (QP)

minimize  (1/2)27Yx — \ulx
subjectto 0 <z =<1, 1Tz =1
wle>D, 0<xz-D=<C
K
D1 T <Y

with variable z € R"
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why should we worry about the K-largest allocations?

prevent high-consequence single points of failure: if the portfolio dominantly
allocates high fraction to just a few wells, when one of these wells faces an
unplanned shutdown, it would significantly affect the total supply targets

reservoir depletion and management: over-relying on the top few
high-performing wells can lead to rapid localized pressure drops or premature
water/gas coning in the reservoir & the sum-of-K-largest constraint prevents the
optimization from aggressively draining the most attractive assets all at once
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n = 50 with 10 dominant wells, set K = 10,7 = 0.5

Case 1: W/O Sum-of-K

Asset portfolio risk management: Sum-of-largest-K result

Allocation (%)

= Allocation (%)
—— Allocation (MMFD)
—— Production mean (right)

SD (right)

0 lh Zb 3b
Well ID / Index (0 to 99)
Case 2: with Sum-of-K

40 50

30

= Allocation (%)
25 —— Allocation (MMFD)

—— Production mean (right)
20 L

Allocation (%)

0 10 20 30
Well ID / Index (0 to 99)

SD (right)

40 50

with sum-of-K-largest constraint, the portfolio is more diversified
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from duality on page 222, the function can be represented as

K
E zj;) = minimize [K -t 4+ 1" max(0, z — t1)]
i1 teR

= minimize
teR

i=1
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in risk management, let X be a discrete RV representing a loss and with pmf p

definitions:
Value-at-Risk (VAR,) is the a-quantile of the loss distribution

CVaR (aka Expected Shortfall) is the expected loss given that the loss exceeds

VAR,
CVaR at a confidence level « can be written using the Rockafellar-Uryasev formula:

1 n
1, Zpi(Xi - t)+]
1=1
n

t+ n(ll—a) Z(XZ — t)+] (assume p; = 1/n)
i=1

CVaR,(X) = min
teR

= min
teR
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for CVaR, multiply the constant factor n(1 — «):

1) CVaR,(X) = min { [n(1 - a)] ¢
n(l —a) aR,(X) ?élﬁl{ o + Z }
by setting the vector of losses X equal to asset allocation vector z,

K K

i=1
setting 2?21 z;) < 0.4 means that

0.4
K=5a=1-5/100=0.95 (95%) ,CVaRgg5(z) < - = 0.08 (8%)
the average allocation of our top 5% most heavily relied-upon wells cannot exceed
8% of the total target production
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T

consider an LP: minimize ¢* x subject to Az < b but ¢ is uncertain

goal: find a framework that the optimal solution is robust to ¢
uncertainty set modeling: assume ¢ € U where prior knowledge about the
structure of U is assumed

use the information of U to consider the worst-case objective

w(z) =sup Lz

celU

and define a robust LP as the minimization of the worst-case objective instead

minimize, SUp.gy ¢l
subject to Ax <b

the robust LP is convex because w(x) is pointwise maximum of linear function in x
the problem structure of the resulting robust LP is determined by the set U
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example 1: U = {c+u | ||ulloo <9I }

¢ has a nominal value plus a perturbation v with maximum magnitude of ¢

the worst-case objective can be derived as

dr=c'v+u’s = supdo=c2+ sup uz=cz+d|z|

ceu ]| oo <&

(using Holder inequality: 7y < ||z||oo||y||1 and the inequality can be tight)

robust LP: minimize ¢’z + §||z||; subject to Az <b

the resulting problem can be further cast as an LP
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example 2: Y ={c| Fc<g}
the description of uncertainty set is generally described by a polyhedron

e.g., ¢ deviates less than 25% from its nominal and the average of ¢ does not
deviate more than 10% from the average of the nominal:

0.75¢ < ¢ < 1.25¢, 0.917¢)/n < (1Te)/n < 1.1(17¢) /n
apply duality theory to find the worst-case objective:

primal: msz 'z dual: min g7z subjectto —z+ FT2=0, 2=0
ce z

(strong duality holds: primal and dual optimum are equal)
robust LP: the two minimizations can be merged into one over z, z

minimize, . gTz
subjectto —x+FT2=0, 2>0, Az <b
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T

consider an LP: minimize ¢* x subject to Az < b but A is uncertain

goal: find a framework that the optimal solution is robust to A

suppose the row vectors of A, al-T for i =1,2,...,m are uncertain; each a; € U;
(belong to some uncertainty set)

robust LP: the worst-case of a! z should be still less than b;:

the constraint Az < b is replaced by

sup aZTx <b;, i=1,2,....m
a;€U;

the resulting robust LP depends on the characterization of the supremum
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example: coefficient a belongs to a box uncertainty set

Ui ={ai+ul|ulloo <vi}

use the fact that y"z < ||y||eo|/z||1 (tight when y = sign(z))

sup agpx = &?w + sup wu

a;€U; [lull oo <vi

To =a] x +villz|ly

(supremum holds when u = ;sign(x))

robust LP: can be futher cast as an LP
minimize clx
subject to @l +i|lzl1 < b, i=1,2,...,m
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i Robust Optimization of Vessel Routing and Speed Profile k
OPTIMIZATION PROBLEM

> é):.)_. éa_ | DECISION VARIABLES [ GoaL & soLurion goal: decide the Speed to cruise
._. & ) as as -

BASE 4 VOYAGE SEGMENTS (LEGS) Vo & - M the vessel anng each Ieg to meet
SDeed\uCrmsealungFacmeq | @ meT TaRGET

e T iy 05 \msiﬂi'élﬁ:‘#”s‘[i,‘.‘.vm,d > the travel time target under ves-
) Find a single H
e TRADEOFF sel speed constraints and weather

| speed profile

e | VOlatility information
time target with
high probability,
despite weather
uncertainty.

LDW COST,
LONG TiME

VOLATILITY

[=}
@
=

FUEL CONSUMPTION COST

HIGH C
SHORTTIME
VESSEL SPEED

DETERMINISTIC STOCHASTIC
CASE CASE

plan the speed of an offshore vessel that travel along a sequence of n voyage segments
(legs) starting from base to each destination and back to base

the vessel travels along each leg under different volatile weather conditions, making the
travel time a random quantity

the trade-off is between speed and fuel economy; increase the speed, finish the trip fast
but consume more cost
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n: the number of legs (travel segments), e.g., base—>1->2->3->4->base (n = 5)

parameters:
d € R’} : the distance vector of voyage segments
o for k € [n]: the variance of day per hour of transit (due to weather uncertainty)
Tmax € R4 hard deadline for the entire voyage loop (hours)
C € R4 fuel price factor (USD/consumption)

variables:

7 € R: planned nominal transit time per leg (hours)

I" € R;: total voyage time standard deviation
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the fuel consumption rate per hour scales cubically with speed
fuel versus time: since speed is vy = dj /7%,

: di\’ d}
fuel, = rate X time <) X Tp=—%
Tk
for each leg k, assume there is a random delay & scales with the planned nominal
transit time 7:
fk =0k Tk " Zk where Zk NN(O, 1)
(assume that &'s are uncorrelated)
the travel time on leg k is T}, = 7 + & and hence, var|T;| = aiT,?
the total travel time is T'= T3 + - - - + 1},; hence, it is also Gaussian with mean
> & Tk and the standard deviation of

n
ZU;?T;? (as &'s are uncorrelated)
k=1
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3

objective: the economic cost of fuel consumption ($): f(7) =C> }_, f—’g (convex)
k

constraints:
vessel speed limit: can be reflected in limit of travel time: Ty =< 7 =< Tmax

chance-constrained deadline: P(T < Tjax) > « where « is a confidence level,
e.g., 0.95 and use T ~ N (117,T?)

F(Tmax) >a & Thpax > Fjjl(a) -~ 1TT 4+ 21— - I < Thax

STD relaxation: relax /> r_; 027’,? =TI to an inequality in SOCP form:

o171
<T (the inequality should be tight at optimum)
OnTn] ||

Jitkomut Songsiri 237 / 277



Wells

1 Platforml setting:

/ \ m wellhead platforms routes gas,
condensate, and water through a
central processing platform

\ / each platform has n; wells

3

wells compete for limited processing capacity at the host platform while their individual
performance is dictated by subsea network pressures

goal: maximize daily revenue while satisfying strict facility and reservoir security
bounds
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for a network of m platforms and one CPP: n =3 "" | n; is the number of all wells

Jj € [m] is the platform index

i € [n;] is the well index

g € R'}: gas production rate of well (MMCFD)

c € R"}: condensate production rate of well (stb/d)
w € R’ : water production rate of well (stb/d)

p € R nodal pressure at platform j (psig)

we model that condensate and water rates are functions of gas rate via
¢i = GOR;-gi;, w; =WGR;-g;

(GOR = gas-oil ratio and WGR = water-gas ratio)
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the objective is to maximize net daily asset revenue: maximize f(g,p)
revenue = Rgasng + ReonalTc
environmental cost incurred from processing water: Cyater1” w

fuel consumption of compressor: offshore platforms do not have access to an
onshore electrical grid; to run multi-megawatt compressors that boost gas, they
burn a fraction of the produced natural gas as fuel in gas turbines suppose there

are Neomp compressors and j is the compressor index
2

Pig)=a; | D gi| +bi| D g +¢

iEWj ’iEWj

W is the subset of wells routing into compressor j
aj,bj,c; > 0 are empirical quadratic coefficients derived from compressor’s
characteristics
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option 1: neglect the fuel consumption

n

fl(g) = Z (Rgas + Reond - GOR; — Cyater - WGR@) gi
=1

the objective is linear in g

justification: 1) if the compressors are running at fixed speed, it consumes relatively
constant fuel gas or 2) absorb this cost in lower revenue coefficient, Rgas

option 2: include the fuel consumption

2
Neomp

) =h) =D a [ D a| +b| D a|+¢
j=1 €W €W

the objective is quadratic in g
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total gas handling capacity: the export compressors cannot exceed a maximum
throughput: Z?:l gi < ans_max
produced water disposal limit: > " | WGR; - g; < Qwater_max

slug/liquid capacity: total liquid (condensatetwater) entering the reception must
not flood the system: > "7, (GOR; + WGR;)g; < Qiiquid_max

well operational limit: Gyin = g = Gmax

pressure dictates the flow rates: well’s flow rate (¢) and pressure (p) are bound
together by the laws of fluid mechanics

network flow: the platform network topology defines the flow layout specifying
the upstream and downstream sides and the mass balance constraint
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Wells l

1 Platforml j € [m] is the platform index

/ \ each platform has n; wells

connected
pipelines connect between
\ / platforms
3

upstream and downstream are designated from the flow (high to low pressure)

modeled as a directed graph of m + 1 nodes and pipelines are the set of direct
edges from node i to j

CPP (central processing platform) is the sink node, collecting all field production
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variable: pipeline flow variable

Jud is defined as the volumetric gas flow rate travelling through the specific
pipeline that connects node u to node d

Jud is not the flow of a single well but the cumulative sum of all fluids passing
through that pipe segment

Wells l

1 Platforml Kirchhoff’s current law for fluids:

/ \\ at every node j which has n; wells
cPP
Dot D gw= >, i
i€[n] ugcupstream dedownstream
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the Weymouth equation:
i = Kua (P — 13)

Jud is gas flow rate from upsteam to downstream
K4 is a constant based on pipeline diameter, length friction, and gas gravity
Pu, Pq are upstream/downstream pressures

the quadratic equality constraints from Weymouth equation is non-convex

for gas to flow from u to d, we need p, > pg; the bigger the pressure gap, the
more gas the pipe can physically clear

K4 acts as a hydraulic conductivity; if the pipeline is long, 4 is small, meaning
that we need a high pressure difference to push the gas through
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apply a convex relaxation
2 2 2
Jua < Kud (P, — p3)

when the objective favors pushing large g to maximize the production, we hope the
relaxation becomes tight at optimum

we further introduce auxiliary variables: ¢, = p? and ¢4 = p?l and re-arrange terms:

Jud

HKud(% —¢q) — 1

this is a second-order cone constraint in variables g4, ¢u, ¢4

< Kud(¢u — ¢a) +1
2

(use identity: (22)% + (y —1)? < (y+ 1)? & 22 <y where 2 = g,4 and y = KA¢)
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the fixed boundary condition at CPP: pc, is fixed constant by facility valves
maximum pressure limits: p; < prax ; for j € [m] (metallurgical wall)

inflow performance relationship (IPR): the pressure at wellhead relates to reservoir
pressure and flow rate by

DPwh,i < Preservoir,i — Q- g

(if gi increases, pyh,; drops because of reservoir depletion; the maximum pressure
a well can ever hits is its static reservoir shut-in pressure, Preservoir,i)

for fluid to physically flow from well ¢ into the platform manifold j, the wellhead
pressure must be higher than (or equal to) the platform manifold pressure

bj < Pwhi = Dj < Preservoir,i —Qa-gi, < (Z)j < Preservoir,z' —a-g; JE€ [m]
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combining all objective and constraints, we observe that

the flow rate of one node affects the constraint of neighboring nodes and has to
satisfy the Weymouth relaxation

the problem parameters highly affect problem feasibility; if the values are not
realistic, the mass balance constraints are hard to acheive

even for a simple network where mass balance constraint can be achieve; however,
the relaxation is not tight at optimum
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some structures that are amenable for parallel and distributed algorithms

separable sum
m

minimize f(x) := Zfl(xl)

Z1y--9Tm ,
=1

it is obvious that we can minimize over x; independently
global consensus

minixmize f(z) = Zfz(x)

fi is a local objective; x is the global variable

consensus form: add a consensus constraint that makes all local z;'s agree

m
minimize E fi(x) subjectto x =x9=---=ux,
L1y Tm i—1

1=

Jitkomut Songsiri 249 / 277



global exchange
m m
minimize i(x;) subject to z; =0
" ; fi(wi) ) ; i
interpretation: x;'s are quantities of commodities exchanged among m agents

goal: minimize total social cost subject to the market clearing

allocation

m m
minixmize Zf,(:cz) subject to z; > 0, sz =b
i=1 i=1

interpretation: x;'s are non-negative resources allocated to m activities

goal: minimize each activity cost while the total resource is limited to a budget
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a problem of fitting y using a linear model Ax using a loss function [

minimize [(Az —y) + r(z)

(Ax — y) = Zi\il li(alx — y;) represents the model cost due to error Az —y

7 is a separable function representing regularization, e.g., | - ||1, | - ||3
this is an example of global consensus

a common model parameter z that makes the model fits with all data samples
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a common form of multi-objective problem: for a given v > 0,

minimize f(x) + vyg(x)

we desire both f and g to be small but they are weighed in by a given weight, ~
(or often called penalty parameter)

as 7y is higher, we penalize more on g, then the minimized g is smaller; in this
case, we care less about f

appear in model performance evaluation where two diffferent metrics are desired
to be small

example 1: minimize model error + model complexity

example 2: minimize system tracking error + input power
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setting: minimizing fy : R® — R™ (vector-valued function) over a feasible set

minimize  fo(z)
subjectto xz €C

a vector optimization has a vector-valued objective function

example: fo(z) = (fuel,time) the energy used and time spent of a vehicle
parameter
require a generalized inequality definition for comparing any two vectors of fy(x)

o =[5] o B2

here, for fo(x) € R™, we typically use the non-negative orthant to define <
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define O = {fo(x) | z € C } the set of objective values of feasible points

(O

minimuwm emedl minimg | element

u is said to be the minimum element of O if u X v, for every v € O
u is said to be a minimal element of O if v € O, v X u only if v =u
if O has a minimum point (then it is unique) and

Jfeasible z such that fo(z) < fo(y), for all feasible y

then we say z is optimal
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consider when O does not have a minimum element

G~

Pavetv ima | Mt}
ineff a?efin{' Pa?lzts

x is called Pareto optimal (or efficient) if fy(x) is @ minimal element of O
a technique to extract pareto optimal points: scalarization (more on this later)
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unconstrained problems: gradient descent, Newton, quasi Newton, trust-region
convex programs: interior point, gradient projection, ellipsoid method

convex programs of certain structures: proximal methods

linear programming: simplex, interior point

quadratic programming: interior point, active set, conjugate gradient, augmented
Lagrangian
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MATLAB: cvx
CVX is a MATLAB-based modeling system for convex optimization

http://cvxr.com/cvx/

Python
CVXPY: Python-embedded modeling language for convex optimization problems
available at https://www.cvxpy.org/ by Stephen Boyd group

CVXOPT: Python-based package for convex optimization available at
http://cvxopt.org/ by M. Andersen, J. Dahl and L. Vandenberghe
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S. Boyd and L. Vandenberghe, Convex Optimization, Cambridge, 2004

G. Calafiore and L. El Ghaoui, Optimization Models, Cambridge University Press,
2014

Y. Nesterov, Introductory lectures on convex optimization: A basic course, KAP,
2004

R.T. Rockfellar, Convex Analysis, Princeton University Press, 1970

S.Boyd, N. Parikh, E. Chu, B.Peleato, and J. Eckstein, Distributed Optimization
and Statistical Learning via the Alternating Direction Method of Multipliers,
Foundations and Trends in Machine Learning, 2011
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A5: Optimization case studies by PTTEP

Intro to Optim and App PTTEP
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Grid Platform Location

@ Grid Platform Location
@ Subsurface Target

Platform / Well W1 w2 w3 w4 W5 wé

P1 0 0 0
P2 0 0 0
P3 0 0 0 0
P4 0 0 0 0
P6 Pl o o o o o
Figure 3—Grid Platform location to cover subsurface target P7 0 0 0 0 0 -

source: https://onepetro.org/SPEAPOG/proceedings-abstract/21AP0G/21AP0G/D011S009R004/470152

setting:
there are P platforms and W wells connected by a covarage matrix

each well has different hydrocarbon resources and distance to the connected
platform

each platform’s total gas resource must pass the minimum cutoff constraint
goal: K platforms that maximize the hydrocarbon resource with smallest total distance
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variables:
A € {0,1}*W: assignment matrix where a;; shows that the well j is assigned to
platform i
w € {0,1}W: e; = 1 if the well 7 is selected
p € {0,1}7: p; = 1 if the platform i is selected

parameters:
K € Z,: a target number of platforms
g € R": the reserve coefficient vector (hydrocarbon value)
D e RP”*W: distance matrix with d;j the distance from well j to platform i
Nyell € ZF: number of wells in the platform can handle

OGIP ytoff: original gas in place threshold
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target number of platforms: 17p = K
platform coverage: Zil Cijpi > wj, j=12,...,W
platform assignment: only one platform can be assigned to a selected well

P
Zaij:wjﬂ j:1727-"7W = 1TA:w
=1

only selected platform can be assigned:
w
Zaij SpineH,ia 1= 1a25"‘7P ~ Al ijeH
j=1

OGIP constraint:

w
Zal]g] > OGIPCut—Off‘pia 1= 1727 .. '7P < Ag = b
j=1

physical constraint: A < C (can only be assigned if covered by C')
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we maximize: hydrocarbon value - total distance to platform

W w P
Z g;w; — A Z Z dijaij
J=1

j=1i=1

the objective in vector form
g’w—-MT(Do A

A > 0 is a trade-off constant between two objectives

the objective is linear in w, A (variables)

the optimization problem is a pure linear IP (integer programming)
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Solver Status: optimal

Optimal hydrocarbon value: 596.792

Optimal distance: 20.179

Optimal Objective Value with lambda: 556.43

----Coverage matrix -

[[1

Selected Wells (w):

1

0
1
0
0
0
[

0
1
1
0
0
0

0

0
1
0
0
0
0

[

1
1
0
1
1
0

0

111

Selection Vectors ---
Selected Platforms (p): [1 100 10 0]
Selected platform 1-based index: [1 2 5]

[111111]

Assignment Matrix A (P x W) ---

0
0
0
0
1
0
0

0

cocorooo

cocooooro

1
0
0
0
0
0
0

Sanity Checks ---

Platform 1 assigned gas = 153.1 (Must be >= 100.0)
Platform 2 assigned gas = 175.5 (Must be >= 100.0)
Platform 5 assigned gas = 268.3 (Must be >= 100.0)

Solver Status:
Optimal hydrocarbon value: 596.792

Optimal distance:

Optimal Objective Value with lambda: 523.78

----Coverage matrix

[

Selected Platforms (p):
Selected platform index
Selected Wells (w):

1
0
1
0
0
0

0

]
1
1
0
0
Y]

0

0

cooor
oOrRKroOR

0

1

0

1]1]

Selection Vectors ---

Assignment Matrix A

1
0
0
0
0
0
0

Sanity Checks ---

Platform 1 assigned gas
Platform 2 assigned gas
Platform 5 assigned gas

0

1
0
0
]
0
0

0

coocooor

coroooo

Jitkomut Songsiri

[1t100100]
(1-based index): [1 2 5]
[111111]

P x W ---

= 232.5 (Must be >= 100.
= 233.1 (Must be >= 100.
= 131.2 (Must be >= 100.

0)
0)
0)
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without versus with A <X C

without A < C
the optimal hydrocarbon are the same (as all wells are selected)
the distance is smaller (better)

the optimal value with A-trade-off is higher (better)
catch! but the assignment matrix is not realizable!

well 6 is assigned to platform 2
but well 6 can only be covered by platform 5 and 7 (check from C)
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without A < C, it might encounter a loophole that we assign A to maximize gas and
minimize distance but forget to realize the reality check that a;; = 1 only if ¢;; = 1 too

the constraint 2 catch: Zle Cijpi > wj

if we select well j, we must build at least one platform p; = 1 that is
mathematically capable of covering it ¢;; = 1

it dictates which platform are built (p), but it says nothing about how A is filled
out
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setting:

Well G1 G2 G3 G4 G5 G6 G7 G8 G9 G10 G11 G12 G13 G14 G15
w1
W2
W3
W4
W5
W6

given information about n,, wells and 2D n4 grids via a coverage matrix C'
cij = 1 if the well 7 is laid out on grid j

each grid j has different value

some grids may be covered by more than one well

goal: select K wells that maximize the total value while avoiding the number of
overlapped grids

Jitkomut Songsiri 267 / 277



variables:
x €40,1}": z; =1 if grid i is selected
y € {0,1}™: y; = 1 if well ¢ is selected
parameters:
w € R™: the value coefficient of each grid
C € {0,1}™*"s: the coverage matrix
K € Z: target number of selected wells

objective: maximize w” x

constraint:
number of selected wells: 17y = K
well and grid coverage: > " ¢ijyi > xj, j=1,2,...,n4

the problem is pure IP where 14 can be in order of million (x)
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motivation: avoid using grid variable (higher dimension)

from the value vector w € R™ and C, we can compute the value of each well,
described by s € R™

from C, we can construct the overlap matrix O € Z™»*"™ where O;; is the
number of overlapped grids between well 7 and j

when y is given, we can count the number of total overlapped grids occured in the
selected well; let's denote it by

h(y) =Y Oiyiy; =y Oy
i

formulation: weighted objective between the total value and number of overlaps

maximize, sty — XyT Oy
subject to 17y =K

the problem becomes binary quadratic program (BQP) in y € {0,1}"
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the quadratic function yZ Oy can be linearized using McCormick Envelopes
introduce z;; = ;95 (aim z;; = 1 only when y; = y; = 1)
force z;; to be binary without using product form

zij < Yi, 2ij SV, Zig =2 yity;—1, 25 2=20

as the objective is to minimize y” Oy, it naturally drives zi;j to zero

the third inequality tends to force z;; = 1 only when y; = y; =1
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the problem becomes linear IP

maximize,, , sTy — )\Zij Oijzij

subject to 1Ty =K
zij < Yiy, Zij < Yy,
zig2yi+y;—1, 2520

with variables y € {0,1}" and Z € {0, 1} *"w

while the problem is linearized, n2 variables are added (from Z)

Jitkomut Songsiri
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motivation: avoid using grid variable by re-arranging the objective in terms of y
we can compute how many wells cover a grid j: > " Cj;vy; (ranges in 0,1,...)

the status of a grid j is chosen is capped by minimum operation

Nw
min (Z Cijyi, 1) (which is nonlinear in y and its value is either 0 or 1)
i=1

the problem becomes nonlinear IP

maximize, Znil wj min (Z:‘iﬁ Cijyi, 1)
subject to 1T7y =K

with variables y € {0,1}">
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Well combination: Formulation 4

CP-SAT solver has conditional implication that can handle how to evaluate the
objective function more effectively without introducing more variables

Well/Grid G1 G2 G3 G4 G5 G6 G7 G8 G9 G10

w1

w2 . .
o introduce compressed profiles
wa (dict):

W5

m profile of covering wells
Gridvalue 59 74 64 59 48 68 49 90 97 45

m combined grid value
Selected well (0-based Indices): [1 4]

Active z (selected profiles with their covering wells):

[(0, 1), (1,), (1, 2), (3, 4), (4,)]
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Grids 1 has the profile: (1,) (Only Well 1)
Grids 2 has the profile: (1,2) (Well 1 and Welll 2)
Grids 3 has the profile: (2,) (Only Well 2)
Grids 4 has the profile: (2,3) (Well 2 and Well 3)

Grids 9 and 10 have the profile: (5,) (Well 5) --> add w9+wl0

when C has a staircase structure:

the grids in C' naturally group into two distinct types of structural columns:
exclusive zones: grids covered by exactly one well (e.g., only well 1, only well 2).

overlap zones: grids covered by exactly two consecutive wells
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let’s calculate exactly how many unique keys will end up in the compressed profiles
dictionary for n,, = 100:

single-well keys: every well has an exclusive zone; this creates profiles like (0,),

(1), (2)), -, (99,).

Total = 100 profiles

consecutive overlap keys: every consecutive pair of wells shares a few overlap
zone; this creates profiles like (0, 1), (1, 2), (2, 3), ..., (98, 99).

Total = 99 profiles

the dictionary z will contain at most 199 unique keys

it does not matter if ng is 1 million, or 10 million (for this structure of C)
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for each covering wells in the compressed profiles, create zp

z_k = model.NewBoolVar(f'z_profile_{covering wells}')

if z; = 1, it means this grid profile is successfully covered by our well selection,
and we get to claim its value using conditional implication

model.Add(sum(y[i] for i in covering_wells) >= 1).0nlyEnforceIf(z_k)
(at least one well is selected)

if z =0, no wells in this profile can be selected

model.Add(sum(y[i] for i in covering_wells) == 0).0nlyEnforceIf(z_k.Not())
the objective function is Zz(ilpmf”es combined weight, - z

variables are y (length of n,,) and z (length = number of compressed profiles)
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Well combination: Formulation 4 results

10 grids and 5 wells
compress profiles and combined weight:

Well/Grid G1 G2 G3 G4 G5 G6 G7 G8 G9 G10
w1
W2
W3
w4
W5

Gridvalue 59 74 64 59 48 68 49 90 97 45

Selected well (0-based Indices): [1 4]
Active z (selected profiles with their covering wells):

[(0, 1), (1), (1, 2), (3, 4), (4,)]
w well 2 and 5 are selected (index 1 and 4)

(0-based indices)
(0,) : 59
(0,1) : 74
(1) : 64
(1,2) : 59
(2,): 48
(2,3) : 68

(3): 49

(3.4) : 90

(4,) : 97+45

m these selected well are covered in the active profiles
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