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Abstract—We consider a problem of finding the Euclidean
projection of a vector in Rn onto an ℓ1 -norm ball. This can be
casted as a simple convex optimization problem. We present an
efficient method for the projection, obtained via the dual problem
which reduces to an optimization with a scalar variable. The
method involves sorting elements of the vector and performing
a linear interpolation. We demonstrate the effectiveness of the
method and compare the results with solving the primal problem
by an interior-point method. Our approach is useful for sparse
system identification problems that can be represented as a
minimization of a loss function subject to ℓ1 -norm constraints.
Sparse autoregressive model estimation is included as an example
of this problem type, where zeros in autoregressive coefficients
indicates a causality structure of variables. Numerical examples
with synthetic data sets are included. With the proposed method
we are able to solve problems of dimensions in the order of
several thousand efficiently.
Index Terms—ℓ1 -norm, sparse estimation, autoregressive models, convex optimization

I. I NTRODUCTION
The problem of computing the Euclidean projection of a
vector a ∈ Rn onto the unit ℓp -norm ball can be casted as
minimize ky − ak22
subject to kykp ≤ 1

(1)

where p = 1, 2 or ∞. Examples of the three unit norm balls
in R2 can be shown in Figure 1.
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Likewise, finding a projection onto the unit ℓ∞ -norm ball is
an inexpensive task and the solution is given by
(
ak , if |ak | ≤ 1
yk∗ =
1,
otherwise
for k = 1, 2, . . . , n. This is a thresholding operator applied to
the entries of a that the modulus exceed 1. The solution can
be written more compactly in a vector format as
y ∗ = min(1, max(−1, a)).
The ℓ∞ -norm constraint in (1) is sometimes referred to as a
box constraint.
Finding a projection onto an ℓ1 -norm ball is more involved.
The main goal of this paper is to present an efficient procedure
to perform this task as fast as computing the projection onto
the unit ℓ2 - or ℓ∞ - norm ball. Section II will first present recent
applications of the projection onto an ℓ1 -norm ball which
include a sparse system identification problem. Section III,
describes the main result of this paper. We derive the dual
problem of (1) and show that it reduces to an optimization
problem with a scalar variable. As a result, we develop an
efficient procedure to compute the projection from the dual
problem. Section IV applies the result from section III to
consider a problem of finding a projection onto the sum of
ℓ2 -norm ball. An example of this problem is the estimation of
sparse autoregressive models, which will be demonstrated in
section V.
II. A PPLICATIONS

(a) ℓ1 -ball

(b) ℓ2 -ball
Fig. 1.

(c) ℓ∞ -ball

The unit norm balls

The problem (1) is a convex optimization which can be
efficiently solved in polynomial time. However, a projection
onto the ℓ2 -norm ball has a closed-form expression and
therefore turns to be an easy task to perform. From figure 1,
intuition suggests (and it can be shown) that the projection is
simply given by the normalization of a.
(
a,
if kak2 ≤ 1
∗
y =
a/kak2, otherwise.

There has been a substantial interest of parameter estimation
problems with sparsity-promoting regularization. This type of
problem can be expressed by
minimize f (x) subject to kxk1 ≤ ρ

(2)

where f is a loss function (possibly convex) and ρ is a given
positive parameter. The optimization variable is x ∈ Rn . It is
a well-known property that the ℓ1 -norm constraint encourages
sparsity in x for a sufficiently small ρ. This is an appealing
property for model selection problems. For example, f could
represent a likelihood function and entries in x are model
parameters to be estimated. Having many zeros in x allows
us to pick a model with less number of parameters. However,

at the same time, the number of parameters should be large
enough so that the model can adequately explain the data. This
concept is known as principle of parsimony which is a trade
off between model complexity and goodness of fit [1].
The application of this paper is when solving the convex optimization problem (2) using the projected gradient method [2]
or its variants. This method minimizes a convex function f (x)
subject to the constraint x ∈ C for C convex (here C is an ℓ1
ball.) The method is based on the update
x(k+1) = PC (x(k) − t(k) ∇f (x(k) ))
(k)

where t is a step size, ∇f is the gradient of f , and PC is
a Euclidean projection onto C and is defined by
PC (y) = argminx kx − yk subject to x ∈ C.
The projected gradient method is obviously suitable when a
projection step can be done cheaply. The main focus of this
paper is therefore to show that the projection on the ℓ1 -norm
ball can be efficiently computed.
The rest of this section will show some specific examples
of the problem (2).
Example I: LASSO
The first example is the problem of finding sparse approximate solutions to the least-square problem:
minimize kAx − bk22
subject to kxk1 ≤ ρ
where A ∈ Rm×n , b ∈ Rm , x ∈ Rn . By making ρ small
enough, some coefficients of x become zero because of the
nature of ℓ1 norm, so this framework is used as a heuristic for
regression selection to find a sparse solution (in opposed to a
least-squares solution which is typically dense). This problem
is frequently referred to as the least absolute shrinkage and
selection operator (LASSO) [3] and very closely related to the
ℓ1 -regularized least-squares formulation:
minimize kAx − bk22 + γkxk1 .
This problem is now widely used in many applications; including signal processing [4], wavelet-based image reconstruction [5], and compressed sensing [6], [7], [8]. This formulation
can be also interpreted as a maximum a posterior probability
(MAP) estimation where the k · k1 term corresponds to the log
prior of the Laplace distribution for each xi .
Example II: Group Sparsity
Consider a problem with a constraint on the sum of ℓ2 -norm:
minimize f (x) subject to kxk1,2 =

m
X

kxk k2 ≤ ρ,

k=1

with variables xk ∈ Rn , for k = 1, 2, . . . , m. In this problem,
the sum of k · k2 play as a role of the ℓ1 norm applied to the
ℓ2 -norm of m-subset variables. For a sufficiently small ρ, the
constraint on the group norm kxk1,2 leads to sparsity in terms
of groups. It is a popular technique for achieving sparsity of

groups of variables and is known as group lasso [9], [10] in
machine learning community.
In section IV, we show that, the projection onto the sum of
k · k2 can be performed efficiently using a similar idea from
the projection onto the ℓ1 -norm ball.
Example III: Sparse Autoregressive (AR) Models
This example is a direct application of the group sparsity
problem in the previous example. Consider a multivariate
autoregressive process of order p given by
y(t) =

p
X

Ak y(t − k) + ν(t)

k=1

where y(t) ∈ Rn , Ak ∈ Rn×n , k = 1, 2, . . . , p and
ν(t) is noise. The least-squares method is a common approach used for fitting an AR model to the measurements
y(1), y(2), . . . , y(N ). The model parameters Ak ’s are chosen
such that
p
N
X
X
Ak y(t − k)k2
(3)
ky(t) −
t=p+1

k=1

is minimized. In many applications, it is of interest to obtain
Ak ’s that satisfy
for some (i, j) (Ak )ij = 0,

for all k

(4)

(where (Ak )ij denotes the (i, j) entry of Ak .) This is the
characterization of Granger causality [11] of autoregressive
models. The condition (4) explains that yi is not Grangercaused by yj , or knowing yj does not help to improve
the prediction of yi . This idea was originally established in
economics by Granger but recently has been adopted in many
applications in neuroscience and system biology; see examples
in [12], [13], [14], [15], [16], [17], [18], just to name a few.
In these references, a sparse AR model is fitted to time series
data where a zero pattern in AR coefficients reveals causal
relationships among the variables. The formulation of this
problem can be explained
as follows. 

If we define A = A1 A2 · · · Ap and


Y = y(p + 1) y(p + 2) · · · y(N )


y(p)
y(p + 1) · · · y(N − 1)
y(p − 1)
y(p)
· · · y(N − 2)


H =

..
..
..


.
.
.
y(1)

y(2)

· · · y(N − p)

then the quadratic loss in (3) can be rewritten more compactly
as kY − AHk2F where k · kF denotes the Frobenious norm.
To promote a sparse solution Ak , we introduce an additional
constraint in the least-squares problem as
2
minimize kY
P −AHkF
k (A1 )ij (A2 )ij
subject to
i6=j


· · · (Ap )ij k2 ≤ ρ

(5)
with variables Ak ∈ Rn×n for k = 1, 2, . . . , p. The summation over (i, j) with i 6= j plays a role of ℓ1 -type norm, which
causes some (i, j) entries of Ak to zero for a sufficiently small

ρ = 15

ρ = 10

ρ=2

ρ = 0.5

ρ=5

The solution yk∗ that minimizes gk is given by


ak + λ, ak ≤ −λ
yk∗ = 0,
|ak | < λ


ak − λ, ak ≥ λ,

ρ = 0.05

and gk can be expressed as
(
−(λ − |ak |)2 + a2k ,
gk (λ) =
a2k ,

Fig. 2. Common zero patterns of a solution Ak , k = 1, 2, . . . , p, of the
problem (5) with n = 20, p = 3. As ρ decreases, Ak ’s contains more zeros.

III. P ROJECTION

ONTO THE ℓ1 -BALL

The problem of finding the Euclidean projection of a vector
a ∈ Rn onto the unit ℓ1 -norm ball can be described by the
following optimization problem:
minimize
subject to

ky − ak22
kyk1 ≤ 1

(6)

with variable y ∈ Rn . When kak1 ≤ 1, obviously the optimal
solution is y ∗ = a. Therefore, in what follows, we only
consider the nontrivial case. We will show that an efficient
algorithm to compute a projection can be developed from the
dual problem of (6).
The derivation of the dual problem starts with the Lagrangian defined as the cost function plus a weighted sum
of the constraints. We define λ as a weight of the ℓ1 -norm
inequality constraint. The Lagrangian is therefore
L(y, λ) =
=

ky − ak22 + 2λ(kyk1 − 1)
n
X

(yk − ak )2 + 2λ|yk | − 2λ.

k

The Lagrange dual problem is to maximize g(λ) over λ ≥ 0.
Hence, the dual problem of (6) is then
P
maximize g(λ) := k gk (λ) − 2λ
(9)
subject to λ ≥ 0,

with variable λ ∈ R. In the primal problem (6), if kak1 > 1,
then there exists a strictly feasible point y such that kyk1 < 1.
Hence, Slater’s condition holds, which implies strong duality [19, §5.2.3]. In other words, the optimal values of (6)
and (9) are equal. Therefore, it is more efficient to solve
the dual problem where the optimization variable is simply
a scalar.
The dual objective in (9) is a piecewise quadratic function
and by definition, a concave function. To find an optimal
solution λ∗ , we set the gradient of g(λ) to zero (find the
stationary point), and if the stationary point is positive, then it
is the optimal solution. Otherwise, the optimal solution is 0.
In other words,
λ∗ = max {0, ν}
where ν is the root of g ′ (ν) = 0.
To find the stationary point of g(λ), note that
(
2(|ak | − λ), λ < |ak |
gk′ (λ) =
0,
λ ≥ |ak |.
From (9), if kak1 > 1, then the dual optimal point λ∗ is given
by the root of
g ′ (λ) =

n
X

max(|ak | − λ, 0) − 1.

(10)

k=1

In what follows, we will describe how to find the root of (10)
numerically. Without loss of generality, we can sort ak in
ascending order, i.e.,
|a1 | ≤ |a2 | ≤ . . . ≤ |an |.

(7)

k=1

To find the Lagrange dual function [19, §5] of problem (6),
define
gk (λ) = inf (yk − ak )2 + 2λ|yk |.
yk

λ < |ak |
λ ≥ |ak |.

The dual function is the minimum value of the Lagrangian
over y. Hence, by the above notation, the dual function is
X
g(λ) = inf L(y, λ) =
gk (λ) − 2λ.
y

value of ρ. Furthermore, using the ℓ2 norm (or any norm) of
p-tuple of (Ak )ij will force all p matrices Ak ’s to have the
same sparsity pattern. Figure 2 shows an example of the zero
patterns in solutions Ak to (5) as ρ varies.
The problem (5) is a convex optimization problem, which
can be solved efficiently by a second-order algorithm such as
an interior-point method [19, §11]. However, many applications involve a large number of variables (n can be in order
of thousand) and hence solving by a second-order algorithm
will suffer from an expensive computational cost. For this
reason, there has been much attention to applying a gradientbased method to a high-dimensional problem. The result in
this work will serve for this purpose. One can solve (5) using
the projected gradient method. In each iteration, it is required
to compute a projection onto the constraint set, which can be
shown to be an inexpensive task in the following sections.

(8)

Therefore, g ′ (λ) is a piecewise linear function in λ where
the slope changes at points |a1 |, |a2 |, . . . , |an |. Initially at λ =
0, the slope of g ′ (λ) is −2n and increases by 2 when λ =
|a1 |. The slope keeps increasing as λ reaches the points |ak |
and eventually the slope is −2 when λ ≥ |an |, as shown in
Figure 3. This means we can simply make a plot of g ′ (λ)

2kak1 − 2

g ′ (λ)

This scheme involves sorting n elements of a vector and thus
requires O(n log(n)) time. We note that this approach was
also developed independently by [20] and [21]. By replacing
the procedure of sorting elements with finding the median to
compute the partial sum more efficiently, the authors provided
algorithms for computing the projection in linear time.
IV. P ROJECTION

0

ONTO THE SUM OF ℓ2 - NORM BALL

First we investigate a solution of the problem:
−2

minimize f (x) := kx − ak2 + 2λkxk
|a1 | |a2 | . . .
Fig. 3.

|an |

λ

a9

The gradient of the dual objective, g ′ (λ)

and checks for which interval g ′ (λ) changes its sign from a
negative to a positive value. Once we can locate the interval,
i.e., says between |ai | and |ai+1 |, we can do an interpolation
to find λ such that g ′ (λ) = 0, because for any interval g ′ (λ)
is a linear function in λ.
When λ = 0, g ′ (0) = 2kak1 − 2. Therefore, if kak < 1,
the plot of g ′ (λ) is initially negative and never touches zero.
This simply means λ∗ must be zero since the original vector
is already inside the unit ℓ1 -ball.
Using this scheme, we can develop a procedure to find λ∗
efficiently as follows.
Algorithm I:
1) If kak1 ≤ 1, then λ∗ = 0.
2) Otherwise, define a0 = 0 and sort |ak | in ascending
order. Compute the values of g ′ (λ) at points λ =
|a0 |, |a1 |, |a2 |, . . . , |an | as shown in the following table.
λ
|a0 | = 0
|a1 |
|a2 |
..
.

g ′ (λ)/2
kak1 − 1
Pn
(1 − n)|a1 | + Pk=2 |ak | − 1
n
(2 − n)|a2 | + k=3 |ak | − 1
..
.

|an−1 |
|an |

−|an−1 | + |an | − 1
−1

3) Locate the interval where g ′ (λ) changes its sign, i.e.,
Find k such that g ′ (|ak |) ≥ 0 and g ′ (|ak+1 |) ≤ 0, where
k can take values from 0 to n − 1.
4) In this interval, the graph of g ′ (λ)/2 is a linear function
described by
g ′ (λ)/2 = −(n−k)λ+

n
X

|aj |−1,

|ak | ≤ λ ≤ |ak+1 |.

with variable x ∈ Rn and a positive scalar λ. Throughout
this section, k · k denotes the ℓ2 norm. The function f (x)
is a convex function but not differentiable at zero. The zero
gradient condition is
x − a + λs = 0
where s is a subgradient of kxk and given by
(
x
,
x 6= 0
s = kxk
any vector s such that ksk < 1, x = 0.
The solution is x = 0 when kak < λ. When x 6= 0, s = x/kxk
and (11) gives x = akxk/(kxk+λ), which further implies that
kxk = kak − λ. As a result, we can write the solution x∗ as
x∗ =

Hence, the point where g (λ) = 0 is
P

n
|a
|
−1
j
j=k+1
.
λ∗ =
(n − k)
5) Using λ∗ to compute the projection y ∗ from (8).

a
t
kak

(12)

where t = kx∗ k = max(kak − λ, 0) := (kak − λ)+ . The
operator + denotes a projection onto the nonnegative orthant
R+ . The minimized cost objective becomes
f ∗ = kx∗ k2 − 2hx∗ , ai + kak2 + 2λkx∗ k
= t2 − 2t(kak − λ) + kak2
= (kak − λ)+2 − 2(kak − λ)+ (kak − λ) + kak2
= −(kak − λ)+2 + kak2

(13)

In what follows, we use the results (12) and 13) in the projection problem. Given m vectors in Rn , ak ’s, for k = 1, . . . , m,
the problem is to find the projection xk of each ak under a
constraint on the sum of norms of xk ’s. This problem can be
casted as
P
2
minimize Pm
k=1 kxk − ak k
(14)
m
subject to
kx
k
≤
1.
k
k=1
Similar to the section III, we will find the optimal solution via
the dual problem. The Lagrangian of (14) is

j=k+1
′

(11)

L(x1 , x2 , . . . , xm , λ) =

m
X

k=1


kxk − ak k2 + 2λkxk k − 2λ

where λ is the Lagrange multiplier associated with the inequality constraint in (14). Using (12) and (13), each term in
the summation in L can be independently minimized over xk ,
when xk = ak tk /kak k with tk = (kak k − λ)+ . Therefore, the

2

dual function of (14) which is the infimum of L over xk ’s is
given by
xk

1

10

(kak k − λ)+2 + kak k

k=1


2

− 2λ.

The dual problem of (14) is then

Pm
maximize − k=1 (kak k − λ)+2 + kak k2 − 2λ
subject to λ ≥ 0,

(15)

CPU time (seconds)

g(λ) := inf L = −

m
X

10

with variable λ ∈ R. The solution is given by the root of
g ′ (λ)/2 =

m
X

(kak k − λ)+ − 1 = 0.

0

10

−1

10

−2

10

Dual problem
CVX (SDPT3)

−3

10

−4

(16)

10

0

1

2

3

Algorithm II:
Pm
1) If k=1 kak k ≤ 1, then λ∗ = 0 and x∗k = ak for all k.

T
2) Otherwise, define a = ka1 k ka2 k . . . kam k and
project a onto the unit ℓ1 -norm ball using the procedure
in section III. In another word, solving (16) to obtain
λ∗ .
3) Use λ∗ to calculate the projection via
ak
tk = (kak k − λ∗ )+ , x∗k =
tk .
kak k
V. N UMERICAL E XAMPLES
In this section, we demonstrate the effectiveness of the
proposed projection algorithms. We randomly generate 10
samples of n-dimensional vectors a where n ranges from 800
to 80000. We solve the dual problem (9) using Algorithm I and
compare the result with solving the primal problem (6) using
an interior-point method implemented in a software CVX [22].
The CPU time used to solve the problems are averaged over
the 10 samples.
Figure 4 compares the average CPU times used to perform a
projection task. The solver option in CVX is SDPT3 as we find
that it is more reliable when the problem size increases. The algorithm implemented in SDPT3 is a primal-dual interior-point
algorithm [19, §11.7]. The plot illustrates that our algorithm
requires much less time than using SDPT3 (almost 104 times
less). The results indicate that in high-dimensional problems,
the convergence of the interior-point method is limited due to
dependency of the problem size.
In the second experiment, we generate 10 samples of
matrices A1 , A2 , . . . , Ap where Ak ∈ Rn where n ranges
from 40 to 200 and p = 3. This results in n2 p variables in total
which ranges from 4800 to 120000. We compute a projection
of Ak onto the set
X 

k (A1 )ij (A2 )ij · · · (Ap )ij k2 ≤ ρ
i6=j

with ρ = 5 by solving (15) and used Algorithm II in
section IV. Figure 5 compares the average CPU times used

5

6

7

8
4

x 10

Fig. 4. The CPU time used to solve a projection onto an ℓ1 ball in high
dimensional setting
3

10

Dual problem
CVX (SDPT3)

2

10
CPU time (seconds)

This equation resembles (10) and shows that λ is obtained by
projecting the m-dimensional vector (ka1 k, ka2 k, . . . , kam k)
onto the unit ℓ1 -norm ball in Rm .
Therefore, a procedure to solve (14) is as follows.

4

n

k=1

1
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n
Fig. 5. The CPU time used to solve the projection onto a sum of ℓ2 -norm
ball in high dimension setting

to perform such projection. The plot demonstrates that the
proposed projection algorithm is generally much faster than
the interior-point method implemented in SDPT3.
Our last experiment is to estimate a sparse AR model from
a synthetic data set. We generate 500 time points from a sparse
(and stable) AR process of size n = 50 and order p = 3. The
total number of variables is 7500. The process is corrupted
by noise with variance 1. The true AR coefficients have a
common sparsity pattern shown in Figure 6 (left). We solve the
problem (5) using the projected gradient method [2] and the
projection step is computed using the procedure in section IV.
An initial start in the algorithm is given by the least-squares
estimate. Figure 7 shows the speed of convergence of the
projected gradient method in combination with the proposed
algorithm to compute a projection step.
Using ρ = 300 we obtain a sparse model with a zero pattern
shown in Figure 6 (right), while the middle plot shows the zero
pattern obtained from the least-squares estimate. The figure
illustrates that with a limited number of data and the presence
of noise, it is almost unlikely to reconstruct the underlying
zero pattern of the AR coefficients using a simple approach
as the least-squares method.

True sparsity

Least−squares

Sparse AR
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Fig. 6. Comparison of estimated sparsity patterns with the true sparsity.
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We solve the problem (5) using n = 50, p = 3 (7500 variables) and ρ = 300.
The total computational time is approximately 25 minutes.

VI. C ONCLUSION
An efficient method for computing the projection onto
an ℓ1 -norm ball was presented. The problem can be casted
as a convex optimization problem in n-dimensional space.
We applied the duality theory and showed that the optimal
values of the dual and primal (original) problems are the
same. Therefore, we resort to solve the dual problem instead
as it has only a scalar variable. The proposed procedure
involves sorting elements of a vector that needs to be projected
and thus requires O(n log n) time in opposed to solving the
primal problem by an interior-point method which requires
O(n3 ) time. The method finds many applications in statistical
learning problems where discovering sparsity structures in
model parameters is a main goal. As an application on sparse
system identification, we considered a problem of estimating
autoregressive models where many zeros in autoregressive
coefficients are favored. This has a statistical interpretation
as Granger causality between two variables in AR processes.
Therefore, the problem formulation that includes ℓ1 -norm
constraints has an advantage over a typical formulation such
as the least-squares method. Numerical results showed that
given that the true model is sparse, we can obtained a sparse
estimate of AR model using such formulation while the
least-squares cannot. Furthermore, the efficient ℓ1 projection
algorithm allows us to be able to solve the estimation problem
in large scale.
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