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Problem structures
some structures that are amenable for applying the methods in this chapter

global consensus: minimizing
∑N

i=1 fi(x) is equivalent to
minimize

∑N
i=1 fi(xi) subject to x1 = x2 = · · · = xN

(minimizing local objective on a global x)
exchange problem: minimizing social cost subject to market clearing

minimize
N∑
i=1

fi(xi) subject to
N∑
i=1

xi = 0

allocation problem

minimize
N∑
i=1

fi(x) subject to x ⪰ 0,

N∑
i=1

xi = bi

Proximal methods Jitkomut Songsiri 4 / 30
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Problem format for ADMM

ADMM solves problems in the form

minimizex,z f(x) + g(z)
subject to Ax+Bz = c

(1)

f, g : Rn → R ∪ {+∞} are closed proper convex (can be nonsmooth)
the objective function is separable across splitting variable x and z

the augmented Lagrangian associated with the problem is

Lρ(x, z, y) = f(x) + g(z) + yT (Ax+Bz − c) + (ρ/2)∥Ax+Bz − c∥22

where ρ > 0 is a penalty parameter and y ∈ Rn is a dual variable
Lρ is the usual Lagrangian with an quadratic penalty on the equality constraint
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ADMM algorithm
consider the problem (1), ADMM consists of the iterations

xk+1 = argmin
x

Lρ(x, z
k, yk)

zk+1 = argmin
z

Lρ(x
k+1, z, yk)

yk+1 = yk + ρ(Axk+1 +Bzk+1 − c)

in x- and z- update steps, Lρ is minimized over the variable using the most recent
value of the other primal variable and the dual variable
the method of multipliers has the form

(xk+1, zk+1) = argmin
x,z

Lρ(x, z, y
k), yk+1 = yk + ρ(Axk+1 +Bzk+1 − c)

hence, the term alternating direction in ADMM accounts for the alternating
update in x, z
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Scaled form of ADMM
u = (1/ρ)y: the scaled dual variable
r = Ax+Bz − c: residual and complete the square

yT r + (ρ/2)∥r∥2 = (ρ/2)∥r + y/ρ∥2 − (1/2ρ)∥y∥2

= (ρ/2)∥r + u∥2 − (ρ/2)∥u∥2

using the scaled dual variable, we can express ADMM in scaled form as

xk+1 = argmin
x

(
f(x) + (ρ/2)∥Ax+Bzk − c+ uk∥22

)
zk+1 = argmin

z

(
g(z) + (ρ/2)∥Axk+1 +Bz − c+ uk∥22

)
uk+1 = uk +Axk+1 +Bzk+1 − c := uk + rk+1

(uk is the running sum of the residuals)
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Example: constrained convex optimization
the generic constrained convex optimization

minimize
x

f(x) subject to x ∈ C, f and set C are convex

can be rewritten in ADMM format using g(x) = IC(x) as

minimize
x,z

f(x) + g(z) subject to x− z = 0

the scaled form of ADMM is

xk+1 = argmin
x

(
f(x) + (ρ/2)∥x− zk + uk∥22

)
zk+1 = ΠC

(
xk+1 + uk

)
uk+1 = uk + xk+1 − zk+1

ADMM is beneficial if the x-update and the projection on C are computationally simple
Proximal methods Jitkomut Songsiri 8 / 30



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Example: quadratic cost and linear constraints

minimize
x

(1/2)xTPx+ qTx subject to Ax = b, x ⪰ 0, P ∈ Sn
+

it can be expressed in ADMM format on page 8 with

f(x) = (1/2)xTPx+ qTx, dom f = {x | Ax = b }, g(x) = IRn
+
(x)

the x-update step becomes an equality-constrained quadratic minimization

xk+1 = argmin
Ax=b

(1/2)xTPx+ qTx+ (ρ/2)∥x− zk + uk∥22)

(KKT condition is a linear system — hence, can be solved easily)
the z-update step is simply a projection on the non-negative orthant

zk+1 = ΠRn
+
(xk+1 + uk) = max(0, xk+1 + uk) ≜ (xk+1 + uk)+
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.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

General patterns of ADMM

general cases that will be encountered repeatedly

we illlustrate with the x-update which has the form

x+ = argmin
x

(f(x) + (ρ/2)∥Ax− v∥22), v = −Bz + c

proximal operator: when A = I

f is quadratic: f(x) = (1/2)xTPx+ qTx+ r

decomposition: f(x) =
∑

i fi(xi)

ℓ1-norm: f(x) = λ∥x∥1
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Proximal operator

let f : Rn → R ∪ {+∞} be a closed proper convex function

the proximal operator proxλf : Rn → Rn of f with parameter λ > 0 is defined by

proxλf (v) = argmin
x

(
f(x) +

1

2λ
∥x− v∥22

)
proxλf (v) is a point that compromises between minimizing fand being near v

when f is the indicator function: IC(x) = 0 if x ∈ C and IC(x) = +∞ otherwise
proxf (v) = ΠC(v) = argminx∈C ∥x− v∥2

if f(x, y) = f1(x) + f2(y) then proxf (u, v) = (proxf1(u),proxf2(v))
if f(x) = ag(x) + b with a > 0 then proxλf (v) = proxaλg(v)
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ADMM in proximal form
the problem of minimizing f(x) + g(x) has the ADMM format as

minimize
x,z

f(x) + g(z) subject to x− z = 0

the ADMM update in scaled form is

xk+1 = argmin
x

f(x) + (ρ/2)∥x− zk + uk∥22

zk+1 = argmin
z

g(z) + (ρ/2)∥xk+1 − z + uk∥22

uk+1 = uk + xk+1 − zk+1

x-update step is to find proxf/ρ(zk − uk)

z-update step is to find proxg/ρ(xk+1 + uk)

ADMM is a proximal algorithm; favorable when the proximal operators can be
efficiently computed
Proximal methods Jitkomut Songsiri 13 / 30



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Projection on some convex sets
proximal operator of IC(x) is the projection on C

set C ΠC(v)

nonnegative orthant Rn
+ max(0, v)

affine set {x | Ax = b } v −A†(Av − b)

v −AT (AAT )−1(Av − b), A is fat
hyperplane {x | aTx = b } v +

(
b−aT v
∥a∥2

2

)
a

box {x | l ⪯ x ⪯ u } (ΠC)k =


lk, vk ≤ lk

vk, lk ≤ vk ≤ uk

uk, vk ≥ uk

probability simplex {x | x ⪰ 0,1Tx = 1 } (v − α1)+ with 1T (v − α1)+ = 1

2-norm ball {x | ∥x∥2 ≤ 1 } ΠC(v) =

{
v/∥v∥2, ∥v∥2 > 1

v, ∥v∥2 ≤ 1

consensus {x ∈ RN | x1 = · · · = xN } (1/N)
∑N

i=1 vi
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Projection on probability simplex

problem: minimizex(1/2)∥x− v∥2 subject to x ⪰ 0 and 1Tx = 1

Lagrangian: L(x, λ, ν) = (1/2)∥x− v∥22 − λTx+ ν(1Tx− 1)

zero gradient: ∇xL = 0 gives x = λ+ v − ν1

dual function: g(λ, ν) = −(1/2)∥λ− (ν1− v)∥22 − ν + (1/2)∥v∥22
dual problem: maximizeλ,ν g(λ, ν) subject to λ ⪰ 0

any vector can be split as u = u+ + u− = max(0, u) + min(0, u)

minimize ∥λ− c∥22 subject to λ ⪰ 0 gives λ⋆ = max(0, c) = c+
g̃(ν) = g(λ⋆, ν) = (−1/2)∥ − (ν1− v)−∥22 − ν + (1/2)∥v∥2
dual problem: minimizeν (1/2)∥(v − ν1)+∥22 + ν

optimal primal: x = (ν1− v)+ − (ν1− v) = −(ν1− v)− = (v − ν1)+

with feasibility: 1T (v − ν1)+ = 1 (we can use bisection to solve for ν)
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Some proximal operators in closed-form

f(x) proxλf (v)
(1/2)xTPx+ qTx+ c, P ∈ Sn

+ (I + λP )−1(v − λq)

∥x∥1 (soft thresholding) (proxλf (v))i =


vi − λ, vi ≥ λ

0, |vi| ≤ λ

vi + λ, vi ≤ −λ

or sign(v)(|v| − λ)+ ≜ Sλ(v)

∥x∥2 (block soft thresholding)
{
(1− λ

∥v∥2 )v, ∥v∥2 ≥ λ

0, ∥v∥2 < λ
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ADMM in applications
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Solving lasso with ADMM
problem: minimize (1/2)∥Ax− b∥22 + λ∥x∥1
ADMM format: minimize f(x) + λg(z) subject to x− z = 0 with

f(x) = (1/2)∥Ax− b∥22 = (1/2)xTATAx− (AT b)Tx+ bT b and g(z) = ∥z∥1

ADMM updates are

xk+1 = (ATA+ ρI)−1(AT b+ ρ(zk − uk)) (main computation)
zk+1 = Sλ/ρ(x

k+1 + uk) (soft thresholding)
uk+1 = uk + xk+1 − zk+1

which follows from

xk+1 = argmin
x

f(x) + (ρ/2)∥x− zk + uk∥22) = proxf/ρ(zk − uk)

zk+1 = argmin
z

λg(z) + (ρ/2)∥xk+1 − z + uk∥22 = proxλg/ρ(xk+1 + uk)
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ADMM for global consensus problem
define the consensus set

C = { (x1, x2, . . . , xN ) | x1 = x2 = · · · = xN }, each xi is a vector

problem in canonical form: minimize
∑N

i=1 fi(xi) + IC(x1, x2, . . . , xN )

problem in ADMM format: f(x) =
∑N

i=1 fi(xi) and g(z) = IC(z1, . . . , zN )

proximal of f can be separable:

proxλf (u) = (proxλf1(u1),proxλf2(u2), . . . , proxλfN (uN ))

proximal of g is the projection on C

proxλg(v) = ΠC(v) = (1/N)

N∑
i=1

vi = v̄ (the average)
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ADMM updates (after simplifying) are as follows for i = 1, 2, . . . , N

x̄k = (1/N)

N∑
i=1

xki , xk+1
i = proxfi/ρ(x̄

k − uki ), uk+1
i = uki + xk+1

i − x̄k+1

the updates can be distributed in parallel to obtain uk+1
i and xk+1

i

when fi(xi) is a goodness of fit using the ith data set, the prox step on x can be
interpreted as ℓ2-regularized estimation
the ADMM steps follows from page 13 and are simplified from

zk+1
i = (1/N)

N∑
i=1

(
xk+1
i + uki

)
≜ x̄k+1 + ūk, uk+1 = uk + xk+1 − zk+1

plugging the 1st eq into the 2nd eq gives ūk+1 = 0 (dual variable has zero
average)
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ADMM for allocation problem

define the allocation set

C = { (x1, . . . , xN ) | xi ≥ 0, x1 + x2 + · · ·+ xN = b }

problem: minimize
∑N

i=1 fi(xi) subject to x ⪰ 0 and
∑N

i=1 xi = b

problem in ADMM format: f(x) =
∑N

i=1 fi(xi) and g(z) = IC(z1, z2, . . . , zN )

proximal of f can be separable:

proxλf (u) = (proxλf1(u1),proxλf2(u2), . . . , proxλfN (uN ))

proximal of g is the projection on C (similar to projection on probability simplex)
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ADMM updates for i = 1, 2, . . . , N

xk+1
i = proxfi/ρ(z

k − uk), zk+1 = ΠC(x
k+1 + uk), uk+1 = uk + xk+1 − zk+1

the x-update can be done in parallel
the z-update is a projection on probability simplex that can be solved from the
dual, using bisection
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ADMM convergence
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ADMM convergence

assumptions:
1 the extended functions f and g are closed, proper, and convex (implying that the

x- and z-updates are solvable
2 the unaugmented Lagrangian L has a saddle point (x⋆, z⋆, y⋆) (not unique)

L(x⋆, z⋆, y) ≤ L(x⋆, z⋆, y⋆) ≤ L(x, z, y⋆)

convergence results: as k → ∞, ADMM iterations satisfy
1 residual convergence: rk → 0

2 objective convergence: f(xk) + g(zk) → p⋆ (ADMM objective approaches the
optimal value)

3 dual variable convergence: yk → y⋆ where y⋆ is a dual optimal point

Proximal methods Jitkomut Songsiri 24 / 30



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Stopping criterion
define the primal and dual residuals at iteration k + 1 as

sk+1 = ρATB(zk+1 − zk), rk+1 = Axk+1 +Bzk+1 − c

in a convergence proof of ADMM, it can be shown that when ∥xk − x⋆∥2 ≤ d,

f(xk) + g(zk)− p⋆ ≤ −(yk)T rk + d∥sk∥2 ≤ ∥yk∥2∥rk∥2 + d∥sk∥2

this suggests a stopping rule that the primal and dual residuals must be small

∥rk∥2 ≤ ϵpri and ∥sk∥2 ≤ ϵdual

denote ϵabs and ϵrel the absolute and relative tolerance values, we can choose

ϵpri =
√
pϵabs + ϵrelmax{ ∥Axk∥2, ∥Bzk∥2, ∥c∥2 }, A ∈ Rp×n

ϵdual =
√
nϵabs + ϵrel∥AT yk∥2
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ADMM iterations: lasso
problem parameters: (m,n) = (150, 500), λ = 0.1λmax

ADMM parameter: ρ ∈ {0.5, 1, 5}, tolerance: ϵabs = 10−4, ϵrel = 10−2
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0.5
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Primal residual norm
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Iteration
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elapsed time is around 0.01 sec (and around 0.7 sec for (m,n) = (1500, 5000))
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ADMM iterations: consensus
local objective: fi(x) = (1/2)xTPix+ qTi x for i = 1, 2, . . . , N = 10 and x ∈ R100
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small ρ corresponds to slow convergence in primal residual
elapsed time: 0.1-0.2 sec (not parallel, CVX took 1.1 sec)
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ADMM iterations: allocation
local objective: fi(x) = (1/2)aix

2 + bix for i = 1, 2, . . . , N = 100 and x ∈ R
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elapsed time: 0.0007 sec (not parallel, CVX took 1 sec)
ADMM parameter (ρ) is chosen to obtain good convergence in both r and s
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Summary

for some problem structures, ADMM has a low computational cost, suitable for
large-scale problems
ADMM solutions can be returned with moderate accuracy (when high accuracy is
not crucial)
ADMM parameter (ρ) is typically tuned by users; it is often problem-dependent,
where literature on adaptive penalty approach exists
ADMM can be applied to non-convex problems where convergence is guaranteed
in some problem types
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