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1. System of Linear Equations

e linear equations
e elementary row operations

e Gaussian elimination
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Linear equations

a general linear system of m equations with n variables is described by

a11r1 + a12r2 + - + a1y, = by
ag1r1 + G222 + - - + a2pxTy, = b2
Am1T1 + AmaT2 + -+ + ATy = bm
where a;;, b; are constants and xy, o, ..., x, are unknowns
e equations are linear in x1, 29, ..., T,

e existence and uniqueness of a solution depend on a;; and b;

System of Linear Equations 1-2



Example: solving ordinary differential equations

given y(0) = 1,7(0) = —1,¢(0) = 0, solve
Y +6j+ 11y + 6y =0
the closed-form solution is
y(t) = Cre ' 4 Coe 2 4 Cse™

C'1,C5 and C3 can be found by solving a set of linear equations

1 = y(O) = Cl —+ CQ —+ Cg
—1 = g0) = —Cy—20C,—3Cs
0 = y(O) = (C1+4C5 + 9C5
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Example: linear static circuit

R, R, R
YWW YWW WWA
14 2R, 2R

given V, Ri, Ro, ..., Rs5, find the currents in each loop

by KVL, we obtain a set of linear equations

V = (Ri+ Ry)i1 — Ryio
0 = —Ryi1+ (Ry+ R4+ Rs)ia — Rsis
0 = —Rsio+ (Rg + R5)’i3

System of Linear Equations
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Example: polynomial interpolation
fit a polynomial
p(t) = X1 + xot + :133t2 4+ $ntn_1

through n points (t1,v1), - - ., (tn, Yn)

problem data (parameters): t1,...,tn, Y1,---,Yn

problem variables: find z1,...,x, such that p(¢;) = y; for all 4

System of Linear Equations
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write out the conditions on x:

p(tl) = X1+ xot1 + ZCgt% 4+ 4+ xnt”'f—l
p(tQ) = T+ x2ts + 333t% 4+ 4+ xntg—l
p(tn) = T1+ Tty + zSt% 4 ﬂfntﬁ_l

System of Linear Equations

Y1
Y2

Yn
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Special case: two variables

Examples:
2331 — T2 = -1 2%1 — Ty = —1 2%1 — T2 = -1
4xy — 2x9 = 2 r1+xe = -1 4xy — 29 = —2

4 A

/ / /

/ \ / > I / > T

// %\ /

(a) no solution (b) one solution (c) infinitely many solutions

e no solution if two lines are parallel but different interceptions on xs-axis

e many solutions if the two lines are identical
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Geometrical interpretation
the set of solutions to a linear equation
a1x1 + asxs + - +apry, =0

can be interpreted as a hyperplane on R"

201 —xo + 23 =1

9o -2 -2 1

a solution to m linear equations is an intersection of m hyperplanes
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Existence and uniqueness of solutions

given a system of linear equations existence:

e no solution (the linear system is inconsistent)

e a solution exists (the lienar system is consistent)

uniqueness:

— the solution is unique
— there are infinitely many solutions

every system of linear equations has zero, one, or infinitely many solutions

there are no other possibilities
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no solution

r1 + To = 1
L1 T2 = 1 2513‘1 + X9 = —1
2331 —+ 2332 = 0 T1 — To _ 9
unique solution
_ 1+ T = 0
ke =l 13.9/3) 24w = —1 == (—1,1)
2331—332 = 0 T1 — To —  _9
infinitely many solutions
r1 — To + 27 = 1
itz =1 ity = -
i try = 2 371 — 219+ 3x3 = 3

r=(1-—t1), r=(1—t3tt), teR
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Elementary row operations

define the augmented matrix of the linear equations on page 1-2 as

aii a2 -+ Qin b1
a1 ago2 +++  QA2p b2
_aml Am?2 tUe Amn bm_

the following operations on the row of the augmented matrix:

1. multiply a row through by a nonzero constant
2. interchange two rows

3. add a constant times one row to another

do not alter the solution set and yield a simpler system

these are called elementary row operations on a matrix
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example:

T + 3332 + 2333 = 2
—X1 + X9 —|—£63 = —1
2331 — Ty — 2%3 = 3

augmented matrix

—

add the first row to the second (R; + Rs — R»)

T+ 3£CQ + 2333
4513‘2 + 3333
201 — L9 — 23

2
1
3

—

1
0
2

3
4
—1

2
3
—2

add —2 times the first row to the third (—2R; + R3 — R3)

1+ 319 + 223
dxo + 323
—7ZEQ — 6£83

System of Linear Equations

1
0
0

3
4
—7

2
3
—6

2 2
1 -1
2 3
-

1

3_

, -

1

_1_
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multiply the second row by 1/4 (R2/4 — R>)

r1+ 320+ 203 = 2 1 3 2 2
T + 213 T = |0 1 3/4 1/4
—Txe —6x3 = —1 0o -7 -6 -1

add 7 times the second row to the third (7TRs + R3 — R3)

T, + 3x9 + 213 = 2 1 3 2 2
To + 313 = % — |0 1 3/4 1/4
—213 = 2 0 0 —3/4 3/4
multiply the third row by —4/3 (—4R3/3 — R3)
T, + 39 + 203 = 2 (1 3 2 2]
To + Sx3 : — (0 1 3/4 1/4
X3 = —1 _O 0 1 —1_
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add —3/4 times the third row to the second (R2 — (3/4)R3 — R3)

1+ 39+ 2x3 = 2 1 3 2 2
X3 = —1 _O 0 1 —1_

add —3 times the second row to the first (R; — 3Ry — Ry)

r1+2x3 = -—1 1 0 2 -1
rg = —1 00 1 —1

r3 = -1 00 1 -1
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Gaussian elimination

e a systematic procedure for solving systems of linear equations
e based on performing row operations of the augmented matrix

e simplifies the system of equations into an easy form where a solution
can be obtained by inspection
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Row echelon form

definition: a matrix is in row echelon form if

1. a row does not consist entirely of zeros, then the first nonzero number
in the row is a 1 (called a leading 1)

2. all nonzero rows are above any rows of all zeros

3. in any two successive rows that do not consist entirely of zeros, the
leading 1 in the lower row occurs farther to the right than the leading 1
in the higher row

examples:
1 4 -3 5 (1 1 0] 0 1 2 5 O]
o1 3 0|, |01 0f, |00 1 -1 0
00 1 2 0 0 0 000 0 1]
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Reduced row echelon form

definition: a matrix is in reduced row echelon form if

e it is in a row echelon form and

e every leading 1 is the only nonzero entry in its colum

examples:
- - 0 1 -2 0 1]
0 0 L0093 00 O 1 3
00’0107’00000
0 0L =1 00 0 0 0
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Facts about echelon forms

1. every matrix has a unique reduced row echelon form

2. row echelon forms are not unique

1 1 3]0 ] [1 0 1] 1 ]
example: o1 2|-1|~[01 2|-1
0 0 0] O | 0 0 0] 0O |

3. all row echelon forms of a matrix have the same number of zero rows

4. the leading 1's always occur in the same positions in the row echelon
forms of a matrix A

5. the columns that contain the leading 1's are called pivot columns of A

6. rank of A is defined as the number of nonzero rows of (reduced)
echelon form of A
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Inspecting a solution

e simplify the augmented matrix to the reduced echelon form

e read the solution from the reduced echelon form

1 0 0 0

0 1 3 0 —> 0-x3=1 (no solution)

000 1

10 0 -2

01 0 —1| = x1=-2, z9=—1, z3=25 (unique solution)
001 5|

1 0 2]

0 1 1 —> w1 =2, x2 =1 (unique solution)

00 0
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another example

1
0
0

definition:

e

|
|
N

T1 + 39
Xo — Xy = 1

e the corresponding variables to the leading 1's are called leading

variables

e the remaining variables are called free variables

here x1, x5 are leading variables and x3 is a free variable

let x5 = ¢ and we obtain

(many solutions)

System of Linear Equations

r1 = —3t—2,

ZEQIt—I—l, ZEgIt
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1 =5 1 4
O 0 0 O — x1—dr9+x3=4
0 0 0 0

x1 Is the leading variable, x5 and x3 are free variables

let xo = s and 3 = t we obtain

r1 = Hs—t+4
Ty = S (many solutions)
r3 = t

by assigning values to s and ¢, a set of parametric equations:

r1 = od9s—t+4
ro = S
r3 = t

is called a general solution of the system

System of Linear Equations
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Solution to a linear system

solving b = Ax with A € R™*"™ has only three possibilities

1. no solution: if rank([A|b]) # rank(A)

1 1 310 I 0| 2
o 1 2|-11, 0 1] 1
o002 | |0o0|-1]
2. unique solution: if rank(|[A|b]) = rank(A) =n
1 1 310 1 0l2
001 2|1 |, |4 53
00 1] 2 |

3. infinitely many solution: if rank([A|b]) = rank(A) < n
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Gaussian-Jordan elimination

e simplify an augmented matrix to the reduced row echelon form
e inspect the solution from the reduced row echelon form

e the algorithm consists of two parts:

— forward phase: zeros are introduced below the leading 1's

— backward phase: zeros are introduced above the leading 1's

example:

I —|—£IZ‘2 —|—2.CU3 — 8 1 1 2 8
—x1 — 229 +3x3 = 1 — |—-1 -2 3 1
3z, — Tog +4x3 = 10 '3 7 4 10
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use row operations

1
0
3

Ri+ Ry — Rs

I 2
-1 5
-7 4

8
9
10|

1
0

—3R1+ R3 — R3
1 2 8]
-1 5 9
~10 -2 —14]

0

(—1)'R2—>R2
1 1 2
0 1 =5
0 —-10 -2

Rg/(—52) — Rg

1 1
0 1
0 0

(a row echelon form)

2

-5

1

8
-9
2

we have added zero below the leading 1's (forward phase)

System of Linear Equations

8
-9
~14.
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continue performing row operations

S5Rs+ Ry —- Ry —Ro+Ri— R1 —-2R3+Ri— Ry

1 1 2 8 1 0 2 7] 1 0 0 3
01 0 1 0 1 0 1 0 1 0 1
0 0 1 2] 0 0 1 2 0 0 1 2

(reduced echelon form)

we have added zero above the leading 1's (backward phase)
from the reduced echelon form, rank([A|b]) = rank(A) = n

the system has a unique solution

5131:3, 5132:1, 333:2

System of Linear Equations

1-25



Homogeneous linear systems

definition:

a system of linear equations is said to be homogeneous if b;'s are all zero

aj1r1 + apxe + - +apx, = 0
as1x1 + agxs + - -+ aspxr, = 0
U121 + Q2o + -+ QppTy = 0
® r1 =Ty —=---=x, = 0is the trivial solution to Ax =0
o if (x1,%2,...,2,) is a solution, so is (ax1,axs,...,ax,) for any a € R

e hence, if a solution exists, then the system has infinitely many solutions
(by choosing « arbitrarily)

e if z and w are solutions to Az =0, so is z + aw for any o € R
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example

1 — To + 203 — T4 = 0 1 -1 2 -1 0
201 + x9 — 2x3 — 224 0 . 2 1 -2 -2 0
—T1 4+ 229 — 4x3 + 24 0 -1 2 -4 1 0
31 — 314 = 0 3 0 0 -3 0
the reduced echelon form is

1 0 0 -1 0]

o1 -2 0 0 . r1—x4 = 0

o0 0 0 O T2 —2x3 = 0

0 0 0 0 0

define x3 = s, x4 = t, the parametric equation is
r1 =1, XTo=28, x3=2S8, xTg4=1

there are two nonzero rows, so we have two (n — 2 = 2) free variables
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Properties of homogeneous linear system

more properties:
e the last column of the augmented matrix is entirely zero (and hence,
can be neglected in the augmented matrix)

e if the reduced row echelon form has r nonzero rows, then the system
has n — r free variables

e a homogeneous linear system with more unknowns than equations has
infinitely many solutions
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rref (A) produces the reduced row echelon form of a matrix A

MATLAB commands

> A =1[-1241;0121;2 3 6 5]

A =
-1 2
0 1
2 3
>> rref (A)
ans =
1 0
0 1

System of Linear Equations
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